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Abstract

This paper surveys research on optimal redistributive taxation in economies with environmental
externalities. A major question is whether externality correction only motivates an adjustment of
the tax policy rule for the externality-generating activity, or whether the marginal value of the
externality directly enters the policy rules for other tax instruments as well. In a static benchmark
model with an atmospheric consumption externality, where the government uses a mix of a
nonlinear income tax and linear commodity taxes, we show that Sandmo’s (1975) additivity
property applies. This means that externality correction leads to an additional term (measuring
the marginal value of the externality) in the commodity tax formula for the externality generating
good, while the policy rules for commodity taxation of clean goods and marginal income taxation
take the same form as in the absence of any externality. We also extend this benchmark model to
capture a number of scenarios (such as non-atmospheric externalities, border trade in the
externality generating good, and competition between governments in a multi-country
framework), where the additivity property no longer applies. We end by examining an
intertemporal model of optimal taxation with a stock-externality, allowing us to integrate the
study of optimal redistributive taxation with literature on environmental economics and policy

based on dynamic models.
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1. Introduction

This paper gives a selective overview of research on optimal taxation in economies with
environmental externalities. The purpose is to summarize and discuss what we believe are the
central messages of this research. In doing so, we shall simultaneously address corrective and
redistributive aspects of the underlying theory as well as some of the important implications

thereof. We will also discuss some of the more recent research directions in this area.

The study of corrective taxation in economies with externalities, i.e., how to use tax policy to
achieve the desired allocation of resources from society’s point of view, has a long history in
economics. The Pigouvian tax refers back to Pigou (1920), who wanted to rectify discrepancies
between what he called the marginal private net product and the marginal social net product, and
he described these discrepancies in a way interpretable as externalities." One of his examples
referred to smoke from factory chimneys, which was a major environmental problem at that time
and imposed large welfare costs on the neighboring community. The smoke case exemplifies a
situation where the marginal social net product falls short of the marginal private net product, and
Pigou argued that a tax could eliminate this discrepancy and thus — if using modern language —
fully internalize the negative externality.? He presented the analogous argument for a subsidy
(referred to as “bounty”) when the marginal social net product exceeds the marginal private net

product.

Modern literature on taxation in economies with externalities recognizes that the tax system
typically plays multiple roles. Besides correcting for externalities and other market failures, the
tax system must be designed to achieve the desired distribution among individuals and must also
raise sufficient revenue to fund publically provided goods. A seminal contribution here is
Sandmo (1975), who examined the problem of optimal linear commodity taxation when the

! See Pigou (1920), Part II, Chapter 11.

2 Somewhat ironically, Pigou does not seem to have been the first economist to suggest a “Pigouvian tax” to achieve
the socially efficient allocation of resources. In 1911, the Danish economist Jens Warming proposed a tax policy to
internalize the market failure of open-access fisheries; see Warming (1911), where he also derived the exact policy
rule for this tax. Warming wrote in Danish, and his work was translated into English first in 1983 (see Andersen,
1983).



aggregate consumption of one of the commodities generates a negative externality. In his model,
the externality is atmospheric in the sense that each consumer’s marginal contribution to this
externality is the same. This leads to the famous additivity property, which means that externality
correction results in an additional, additive term in the policy rule for the commodity tax on the
externality-generating commodity (which reflects the marginal social value of the externality that
each individual imposes on other persons), whereas the policy rules for the other commodity
taxes take the same form as in the absence of any market failure. The practical policy message is
the principle of targeting: when the tax on the externality-generating commodity is a perfect
instrument for correction (which it is when the externality is atmospheric), it suffices to tax the
externality-generating commodity; there is no reason to tax complements to, or subsidize
substitutes for, this commodity for purposes of externality correction (even if these commodities
might be taxed or subsidized for other reasons). As will be explained below, this does not mean
that the levels of the other tax instrument do not change in response to externalities; only that the

policy incentives (as reflected in the policy rules for these instruments) remain unaffected.

However, if the externality is non-atmospheric, such that individuals impose externalities on each
other at different degrees, or if there is a discrepancy between the externality-generating activity
and the base of the corrective tax, the principle of targeting is not in general valid (see, e.g.,
Diamond, 1973, and Sandmo, 1976). With a non-atmospheric externality, an exception arises if
the externality can be taxed based on individual-specific rates; however, this is typically not
feasible. In this case, it may be desirable to supplement the tax on the externality-generating good
with corrective taxes or subsidies on other goods, despite that the consumption of these goods
does not cause any externalities. Eckerstorfer and Wendner (2013) derived a similar result in a
model where relative consumption concerns lead to a non-atmospheric consumption externality.
They showed that the government would need individual-specific commodity taxes to implement

a first-best resource allocation.

Environmental externalities were integrated into the theory of optimal nonlinear taxation by

Pirttila and Tuomala (1997).% In their study, the government (or social planner) solves a mixed

* Their model is an extension of the discrete mixed tax problem with two consumer types developed by Edwards,
Keen, and Tuomala (1994).



tax problem where the set of policy instruments contains a nonlinear income tax and linear
commodity taxes. Such a framework provides a reasonably realistic description of the set of tax
instruments that many governments have at their disposal. Furthermore, the use of distortionary
taxes is, in this case, an optimal choice subject to informational constraints; it is not a
consequence of arbitrary restrictions on the tax instruments. Pirttild and Tuomala followed
Sandmo (1975) in assuming that the externality is atmospheric (and given by the aggregate
consumption of a “dirty”” good), and found that the additivity property carries over to a general
model of optimal mixed taxation. This result further emphasizes the importance of targeting as
one of the main messages of the literature on optimal taxation under externalities. A similar
research problem, yet with the modification that the environmental consumption externalities are
generated in production (instead of in consumption), and where the government has access to an
emission tax alongside the income and commodity taxes, was examined by Cremer and Gahvari
(2001). In their model, a flexible emission tax (levied on the firms that produce the externality-
generating goods) constitutes a perfect instrument for correction. The mixed tax problem with
environmental externalities was later extended to wvarious multi-country settings with
transboundary externalities by Aronsson and Blomquist (2003) and Aronsson, Persson, and
Sjogren (2010), in which non-cooperative and cooperative resource allocations are compared

from the perspective of tax policy.

Based on the aforementioned studies, the models examined below assume that the set of tax
instruments used for redistribution and externality correction includes a nonlinear income tax and
linear commodity taxes. We shall also, in most cases, assume that information asymmetries
prevent the government from lump-sum redistribution, meaning that the best achievable resource
allocation is a second-best allocation. Although we focus on environmental externalities and their
implications for tax policy, our study is thus closely connected to, and draws upon, a broad
literature on optimal redistribution under consumption externalities, which includes
environmental problems (e.g., Pirttild and Tuomala, 1997; Cremer, Gahvari, and Ladoux, 1998;
Cremer and Gahvari, 2001; Aronsson and Blomquist, 2003; Aronsson, Persson, and Sjogren,
2010), positional externalities (e.g., Oswald, 1983; Tuomala, 1990; Aronsson and Johansson-
Stenman, 2008, 2010, 2015; Aronsson and Mannberg, 2014), and altruism (e.g., Oswald, 1983).

In addition, since our main concern is to characterize an optimal tax policy, we refrain from



analyzing environmental tax reforms in what follows (as the need for such reforms presupposes

that the initial tax structure is suboptimal from society’s point of view).®

In Section 2, we present a static benchmark model with heterogeneous individuals, where the
consumption of a particular commodity — to be referred to as a “dirty good” - causes an
atmospheric environmental externality. Following much of the earlier literature referred to above,
we consider a model where the consumers are of two types depending on their inherent earnings-
ability. This gives a convenient, albeit analytically powerful, model in which to address the
redistributive and corrective aspects of taxation simultaneously. Unless stated otherwise, we
assume that the government has access to a general, nonlinear income tax and linear commodity
taxes. The reason for using the term “benchmark model” is that it constitutes our analytical
starting point, providing a unified framework which can be modified and further developed in
later sections to address the different issues at hand. The analyses carried out below are thus
based on models sharing these basic characteristics, which is convenient for purposes of
comparison. We end Section 2 by briefly discussing a first-best resource allocation (based on the
assumption that individual productivity is observable) and present the Pigouvian tax that fully

internalizes the environmental externality.

In Section 3, we examine the benchmark model in a setting where the earnings-ability (as
reflected in the individuals’ before-tax wage rates) is private information, which rules out
redistribution through type-specific lump sum taxes. The optimal tax structure in this model
satisfies the additivity property: the social value of the marginal externality enters additively in
the formula for the tax on the externality-generating good, while it neither enters the policy rules
for other commaodity taxes nor the policy rule for marginal income taxation. We also show how
and why the externality-correcting part of the commaodity tax on the dirty good deviates from the

first-best Pigouvian tax.

In Section 4, we consider two possible extensions of the benchmark model, where the additivity

property no longer applies. Subsection 4.1 examines a case with a non-atmospheric externality

* Environmental tax reform was the topic of a series of articles by Lans Bovenberg and co-authors starting in the
1990s; see, e.g., Bovenberg and de Mooij (1994) and Bovenberg and Goulder (1997).
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such that the individuals differ in their marginal contribution to this externality. We show (i) that
the corrective part of the dirty good tax typically reflects a weighted average of the marginal
externality that each individual-type generates, and (ii) that the taxes on clean goods as well as
the income tax will serve as supplemental instruments for correction. A scenario with border
trade, where the externality-generating good can either be bought at home or abroad, is addressed
in subsection 4.2. With flexible instruments for trade policy, this model replicates the optimal tax
structure derived in Section 3. However, if trade agreements prevent such trade policy, the
optimal tax structure (from the domestic government’s perspective) resembles that derived in
subsection 4.1, where taxes on clean goods as well as the income tax are also used for externality

correction.

In Section 5, we consider a two-country model with a transboundary environmental externality.
When the externality that each country generates spills over on other countries, a socially
efficient tax policy would typically require international policy cooperation, and we briefly
discuss the optimal tax policy implicit in a cooperative equilibrium. We also analyze the tax
policy implicit in a non-cooperative Nash equilibrium, as well as the scope for marginal policy

coordination in the Nash equilibrium.

Section 6 extends the analysis to an overlapping generations (OLG) model with stock-pollution.
This setting allows us to connect the literature on second-best taxation of environmental
externalities, where the bulk of earlier studies are based on static models, to the literature on

environmental externalities and policy in dynamic models.> Section 7 concludes.

2. A Benchmark Model
In this section, we develop a benchmark model to be further used and elaborated on in later
sections. The individuals/consumers of this economy differ in their innate earnings-ability, and

we follow much earlier literature in distinguishing between two such individual types; a low-

® See, e.g., Keeler, Spence, and Zeckhauser (1971), Brock (1977), and Tahvonen and Kuuluvainen (1994). See also
Aronsson, Johansson, and Lofgren (1997) and the references therein.
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ability type (j=1) and high-ability type (j=2).° Without any loss of generality, we normalize the
number of individuals of each such type on one, while still retaining the assumption that each

individual is an atomistic agent and treats economy-wide variables as exogenous.

Private Sector

Each individual consumer has preferences over a numeraire clean good, ¢/, a non-numeraire
clean good, y/, an environmentally dirty good, x/, leisure, z/, and environmental damage, E.” To
begin with, we assume that the environmental damage is given by the aggregate consumption of
the dirty good such that E = x! + x2, which means that the environmental externality is
atmospheric. As we mentioned above, the individuals differ in their innate earnings-ability, which
is here interpreted to mean that the low-ability type (type 1) faces a lower before-tax hourly wage
than the high-ability type (type 2). All individuals share a common utility function, and the utility

facing any individual of ability-type j (j=1,2) is written as follows:
w =u(c/,x/,y7,2),E) 1)

where leisure, z/ = 1 — I/, is defined as a time endowment normalized to one less the hours of
work, I/. The utility function is assumed to be increasing in consumption and leisure (i.e., c, X, y,

and z), decreasing in E, and strictly quasi-concave. The individual’s budget constraint is given by
wil = T(WU) = ¢ + qux! + qyy7. (2)

In equation (2), T(wflf) denotes an income tax payment (positive or negative). Following earlier
comparable literature, we interpret T(-) as a general income tax, which is flexible enough to
allow the government to implement any desirable combination of work hours and disposable
income for each ability-type subject to relevant constraints.® In the special case where the

individual’s earnings-ability is observable, T(w’1’) reduces to an ability-type-specific lump-sum

® The two-type version of the Mirrleesian optimal income tax model originates from Stern (1982) and Stiglitz (1982),
and was later extended to a model of optimal mixed taxation by Edwards, Keen, and Tuomala (1994).

" Since environmental damage can be thought of as the negative of environmental quality, an alternative
interpretation is, of course, that the consumer has preferences over environmental quality.

8 At the individual’s optimum point, we can rewrite the left-hand side of equation (2) in terms of a local, income-
specific marginal wage rate and a virtual income component.
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tax. The consumer prices are given by g, = p, + t, and q, = p, + t,,, where p, and p, are

produces prices, and t, and t,, are commodity taxes. Commodity ¢ (the numeraire) is untaxed.

An individual of ability-type j chooses I/, ¢/, x/ and y’ to maximize the utility function given in
equation (1) subject to the budget constraint in equation (2). In doing so, each individual is
assumed to treat the before-tax wage rate, the consumer prices, the environmental damage, and

the parameters of the tax function as exogenous.

For purposes of analytical convenience, we follow Christiansen (1984) and solve the individual’s
optimization problem in two stages. This approach gives commodity demand and indirect utility
functions defined conditional on the hours of work, which will be used in the optimal tax problem
set out below. In the first stage, we choose ¢/, x/ and y’/ to maximize the utility subject to the
budget constraint b/ = ¢/ + q,x’ + q,y’, where b’ is a fixed post-tax income. The solution to

this maximization problem gives the following conditional demand functions:

¢/ =c(b’,qx, qy, 2, E) (3a)
x) =x(b’,qy,qy,2' ,E) (3b)
yj = _V(bj; Ax, qy'Zle)- (3C)

Substituting the conditional demand functions into the direct utility function gives the conditional

indirect utility function
v/ =v(b,qy qy 2 E). (4)

In the second stage, we can derive the hours of work by maximizing the conditional indirect
utility function with respect to I/ and b’ subject to z/ =1 —1/ and b/ = w/l/ — T(w/l/). By
letting I/ = w’/ 1/ denote the labor income of an individual of type j, the first-order condition for

work hours can be written as follows:

véwj(l - T,j) = ij (5)



where T,j =dT(17)/dl’ is the marginal income tax rate. Subscripts attached to the utility

function denote partial derivatives, i.e., v} = dv//ab/ and v} = av/ /92,

Turning to production, we assume that the output (of all three goods) is produced by a linear
technology such that the producer prices and wage rate are fixed. This assumption will be relaxed

in Section 5, where we consider a model with endogenous producer prices.

First-Best Pigouvian Taxation in the Benchmark Model

In studying tax policy incentives, we will focus on the general objective of reaching a Pareto
efficient resource allocation. The policy rules for marginal income and commodity taxation
presented below are, therefore, consistent with the maximization of any social welfare function
satisfying the Pareto criterion. More specifically, we assume that the government (or social
planner) maximizes the utility of the low-ability type subject to a given level of utility, 72, for the
high-ability type. To begin with, we also assume that the government can observe the earnings-

ability of each individual; however, this assumption will be relaxed in Section 3 below.

The government’s budget constraint is given by ¥ ;(T (1) + t,x/ + t,y/) = 0, which we will

write as follows by using T(17) = w/l/ — b/ for j=1,2:
YWl —bl +t,x) +t,y7) = 0. (6)

Since T(+) is a general income tax, the government can implement any desired combination of
work hours and disposable income for each ability-type. Therefore, instead of parameterizing the
function T(), it is common in the literature to use %, b*, 12, and b? as direct decision-variables in
the social optimization problem. The marginal income tax rates are then calculated by comparing
the social and private first-order conditions. The social decision-problem is to choose 1%, b1, I2,
b?, t, and t, to maximize the utility of the low-ability type subject to the minimum utility
restriction for the high-ability type mentioned above, the public budget constraint given in
equation (6), and the equation for the environmental damage, E = };; x/. As such, the
government recognizes how the externality is determined and incorporates this information into

its decision-problem. The Lagrangean can then be written as follows:



L=v'+n@?* =) +u(E-3;x))+yX;,(wW/lU — bl + t,x) +t,y7) )

where n, u and y are Lagrange multipliers associated with the minimum utility restriction, the
environmental constraint and the government’s budget constraint, respectively. By writing the
environmental constraint as an explicit Lagrange restriction, E will be treated as an additional

(and artificial) decision-variable (to be chosen simultaneously with b*, I*, b?, I%, t,, and t,).

The social first-order conditions derived from equation (7) are special cases of equations (11a)-
(11g) below and will not be presented here. Let MWP,;b = —vé/vlf > 0 denote the marginal

willingness to pay for a cleaner environment by any individual of ability-type j. The solution to
the social decision-problem set out above then implies that the following conditions are satisfied:”

v =nv}, TL=T2 =0, te=Y;MWP},, t,=0. (8)

The conditions in (8) reflect that the government can redistribute through ability-type-specific
lump-sum taxes in the absence of any information asymmetries. First, complete income
redistribution is attainable in the sense that the social marginal utility of consumption is equalized
among ability-types, i.e., v = nv. To see this interpretation, note that the Lagrange multiplier n
(attached to the minimum utility restriction of the high-ability type) is interpretable as the relative
welfare weight that the government gives to the utility of high-ability individuals. Since this
redistribution is based on ability-type-specific lump-sum taxes, there is no redistributive reason to
distort the labor supply behavior. Second, the environmental externality is fully internalized by a
Pigouvian tax on the dirty good, t, = )}; MWPEj‘b, reflecting the sum of all individuals’ marginal
willingness to pay for an individual to reduce his/her consumption of the dirty good. Therefore,
there is no corrective reason to distort the consumption of other goods or the labor supply,
implying that the commaodity tax on the non-numeraire clean good as well as the marginal income

tax rates are zero.

® All results in this section are special cases of the results derived in Section 3, where we explain the underlying
calculations in greater detail.
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3. Second-Best Taxation in the Benchmark Model

Let us now add the assumption that innate earnings-ability (as measured by the before-tax wage
rate) is private information.'® This implies that the government observes the before-tax income of
each agent (w/1”) but that the individual’s productivity level w’ (and, therefore, also the hours of
work) is private information. Consequently, the government can no longer differentiate taxes by
ability; it must, instead, base its redistribution policy on the observable income. This necessitates,
in turn, that the tax policy satisfies self-selection constraints, such that each individual prefers the
allocation intended for his/her type to the allocation intended for the other type. Without this type
of restriction, individuals may engage in mimicking, which would undermine the redistribution
system. We focus on the normal case where the government wants to redistribute income from
the high-ability type to the low-ability type, in which high-ability individuals may benefit from
the redistribution policy by mimicking the low-ability type. Therefore, to prevent the high-ability

type from mimicking the low-ability type, we impose the following self-selection constraint:™*
v? = v(b% qy, qy, 2% E) = v(b, qy, qy, 2% E) = D2 (9)

The left hand side of the weak inequality denotes the utility of the high-ability type, and the right
hand side the utility of the mimicker. The mimicker is a high-ability individual who pretends to
be a low-ability type by reporting the same labor income (and thus receiving the same disposable
income) as the low-ability type. The variable ©2 denotes the utility of the mimicker. Note that
such mimicking is perfectly possible without the self-selection constraint: if a high-ability
individual would gain from pretending to be a low-ability type, all he/she would have to do is to
reduce the hours of work in order to reach the same before-tax income as the low-ability type.
The variable 22 = h — ¢1 is the time spent on leisure by the mimicker, where ¢ = wl/w? < 1
denotes the relative wage rate, and ¢l denotes the number of work hours the mimicker would

need to supply in order to reach the low-ability type’s before-tax income. Furthermore, we

% The model examined in this section is a slightly modified version of the model used in Pirttila and Tuomala
(1997).

! The other possible self-selection constraint, which serves to prevent low-ability individuals from mimicking the
high-ability type, will not be binding under the assumed redistribution profile. To avoid unnecessary notation, we
ignore this constraint in what follows.
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assume that the government does not observe the consumption behavior at the individual level;
only the aggregate consumption of each good, which rules out individual-specific commodity

taxes.
Adding the self-selection constraint to equation (7) means that the Lagrangean of the social
decision-problem changes to read

L=v'+nw? =92+ 2w? - 02) + u(E - T;jx)) +y X;(w/lV — b/ + t,x7 + t,y7) (10)

where A denotes the Lagrange multiplier associated with the self-selection constraint. The other
aspects of the model (including the choices made by private agents) are the same as before. The

social first-order conditions for b*, I*, b?, 1%, t,, t,, and E can now be written as follows:

2= 10f+y (i, 2 - 1) —u =0 (11a)
&gty (W -t 2, ) 2= 0 (11b)
2=+ +y (S, 2 1) - =0 (110)
%=—(n+/’l)vzz+y(wz—tx%z— y%ﬁ) %ﬁ=0 (11d)

JaL IR dx/t v/
a:(y—v;)xl-|—[)/—(T]+A)U§]x2+AU§X2+)/<tx_$)2j%+yty2ja_zx:0 (11e)

oL AD A u axJ oyl

oo = 0 = vy + Iy = (0 + DvEly? + 20897 +y (6 = 5) 0,50+ v, 8,5 = 0 (110
oL ~ dxt v
vk O+ AR - A0E ety (b -5 85y, B0 = 0 (119)

where subscripts attached to the conditional indirect utility function denote partial derivatives (as

before). We have used Roy’s identity in equations (11e) and (11f).*

The efficient tax structure implied by these first-order conditions will depend on the social
shadow price of the environmental damage measured in terms of public funds, as defined by the
quotient of Lagrange multipliers u/y. This ratio is interpretable as the value the government

attaches to reduced environmental damage measured in terms of tax revenue. We start by

12 ifi ) 0 J = i
More specifically, we have used v; = —v,x/ and Vr, = vy’
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presenting an analogue to the conditional shadow price derived by Pirttild and Tuomala (1997),

where u/y is defined conditional on the commodity taxes. An unconditional measure will be
derived and discussed later. By using MWPE"_ b= —vg/v,;' (as defined above) and MWPZ, =

—DZ /D2, we show in the Appendix that the conditional shadow price can be written as follows:
B j * oy’
S=0 [zj MWP], + 2*(MWP}, — MWPZ,) — 3 t, 5~ ity ] (12)

where 1* = 197 /y and

1 axl  ox? %l _ axJ axf j ) ayJ ayJ j
o 1 ’ 9E  OE abJMWPEb’ 0E abJMWPEb (13)

The variable o is commonly referred to as the environmental feedback parameter, while the
second and third equations in (13) measure how the compensated conditional demand for the
dirty good and non-numeraire clean good, respectively, respond to increased environmental

damage.

Equation (12) shows that the social value of a decrease in the level of environmental damage, E,
is decomposable into four basic components: (i) the feedback effect, (ii) the sum of the
consumers’ marginal willingness to pay for a cleaner environment, (iii) a component measuring
how the low-ability type and the mimicker differ in their marginal valuation of a cleaner
environment, and (iv) tax revenue effects due to that E influences the commodity tax bases. In the
first-best (full information) setting briefly examined in Section 2, only component (ii) was

present and formed the basis for the Pigouvian commodity tax on the dirty good.

The feedback parameter (component [i] above) captures that a change in the externality feeds
back into the demand equations. Albeit in a different context, Sandmo (1980) shows that ¢ must
be positive to ensure stability. Component (iii) is due to the self-selection constraint (and is
proportional to the Lagrange multiplier attached to this constraint). As such, it is fundamentally
related to the assumption of asymmetric information: it would vanish in a first-best setting where
A = 0. This component arises because the government may relax the self-selection constraint by
exploiting that the mimicker and the low-ability type typically differ with respect to the marginal

willingness to pay for a cleaner environment. In our framework, where all individuals share a
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common utility function, the only difference between the mimicker and the low-ability type is
that the mimicker spends more time on leisure (due to that the mimicker is more productive than
the low-ability type). Therefore, the sign of the variable MW P}, — MWPZ, depends on whether

leisure is complementary with, or substitutable for, environmental quality.

If leisure and environmental quality are complements in the sense that the marginal willingness to
pay for a decrease in the environmental damage increases with the time spent on leisure, then
MWP;, < MWPE,. In this case, therefore, an increase in the level of environmental damage
leads to a larger utility loss for the mimicker than for the low-ability type, which contributes to
relax the self-selection constraint (and thus creates room for more redistribution).® This explains
why the government attaches a lower marginal value to environmental quality than it would
otherwise have done. The opposite reasoning applies if leisure and environmental quality are
substitutes such that MWP}, > MWPZ,: a decrease in E would, in this case, contribute to a
relaxation of the self-selection constraint, which leads the government to attach a higher marginal
value to environmental quality than it would otherwise have done. Note finally that the second
term on the right hand side will vanish from equation (12) if leisure is weakly separable from the
other goods in terms of the utility function, since the low-ability type and the mimicker will, in

this case, attach the same marginal value to environmental quality, i.e., MWPg , = MWPZ,,.

The tax revenue effects of increased environmental damage (referred to as component [iv] above)
are summarized by the final two terms in square brackets on the right hand side of equation (12).
These are similar to the tax revenue effects of public good provision discussed by Atkinson and
Stern (1974). We will return to these effects below.

Let us now turn to commodity taxation. We show in the Appendix that the system of commodity

taxes takes the following form:

097 /0 1057 19q,

t, = A (x — J?Z)Z—J yﬂ/ B _ 2 (yt = $?) 2;97°/0dx yﬂ/ a +§ (14a)
0%1 10q, R 0%l /0

ty =2 —9%) 2;0%'/0ax xﬂ/ T _ 2t (xt — £2) 2;0%/0ay xQ/ b (14b)

3 This is socially desirable because a binding self-selection constraint prevents the government from reaching its
most preferred redistribution.
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The expressions in (15) are price effects on the conditional compensated demand functions based
on the Slutsky condition. We can also see that ) > 0 as long as the negative compensated own

price effects dominate the cross-price effects, which will be assumed in what follows.

Equations (14a) and (14b) reflect two different motives for commodity taxation: (i) to relax the
self-selection constraint and (ii) to adjust the level of the environmental damage. The first motive
is independent of u/y and is reflected in the terms proportional to x! — %2 and y! — 92,
respectively. As such, this policy incentive would be present also in the absence of any
environmental externality. Although the low-ability type and the mimicker have the same
disposable income (and thus the same consumption possibility), they may still choose different
consumption bundles. The reason is that the consumption pattern may correlate with the use of
leisure. Consider the first term of the right hand side of equation (14a). If leisure is
complementary with the dirty good such that the mimicker consumes more of this good than the
low-ability type, i.e. if x1 < £2, a higher tax on the dirty good would for this reason hurt the
mimicker more than it hurts the low-ability type. As such, the government has an incentive to
relax the self-selection constraint by implementing a higher tax on the dirty good than it would
otherwise have done.'® The analogous argument for a lower tax on the dirty good follows if
x! > %2. The other terms proportional to x* — 22 and y! — 2 are interpretable in the same
general way. Note also that these terms would all vanish in the special case where leisure is
weakly separable from the other goods in the utility function, in which the low-ability type and

the mimicker would choose the same consumption bundle such that x* = 22 and y! = 2.

The policy incentive to adjust the level of environmental damage is captured by the third term on
the right hand side of equation (14a), i.e., u/y. Yet, recall from the discussion of equation (12)
above that u/y reflects a mixture of corrective and redistributive motives for influencing the level

of environmental damage. A decrease in E does not only affect welfare by lowering the disutility

" Note that 857/ /dq,, < 0 for j=1,2.
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of environmental damage; it may also either relax or tighten the self-selection constraint
depending on whether the marginal willingness to pay for a cleaner environment decreases or
increases with the time spent on leisure. Despite this broader motive for influencing E, a key
result is, nevertheless, that the commodity tax structure satisfies Sandmo’s (1975) additivity
property (as it also did in the first best setting examined in the previous section). This is seen
from equations (14), where the social shadow price of the environmental damage enters
additively in the policy rule for the tax on the dirty good, while it does not directly affect the
policy rule for the tax on the non-numeraire clean good. This does not mean that the level of ¢,, is
independent of the social value of a cleaner environment.’ It just means that the policy rule for
t, takes the same form as in the absence of any externality. Finally, for the principle of targeting
to be fully applicable, it remains to show that the policy rules for marginal income taxation do not

depend directly on u/y; an issue to which we return below.

By substituting equations (14a) and (14b) into equation (12), an “unconditional” formulation of

the social shadow price of environmental damage emerges

% = Y2, MWP], + 1*(MWP}, — MWPZ,)

Z}Z‘};} ngyj axj

_A*(x ) yZ] 1 9E +A*(y ) qu} 1 aE
. N, oy . 2133; o5 ,
A(y ) xZ] 16E +A(x ) Z] laE (12)

Two things are worth noticing. First, the feedback effect parameter, o, vanishes here, where the
social shadow price is no longer conditioned on the effect of E on the tax revenue from
commodity taxation. Second, the “tax revenue effect” discussed above is driven by an incentive
to relax the self-selection constraint, by exploiting that the consumption bundle preferred by the
low-ability type typically differs from the bundle preferred by the mimicker. We described this
mechanism in the context of the commodity tax structure in equations (14a) and (14b), and it now
re-appears in the second and third rows of equation (12”). In other words, the desire to relax the
self-selection constraint explains why the tax revenue effect is present here, while it was absent in
the first-best policy characterized in Section 2 (where the sole purpose of commodity taxation

> Note that equations (14) are not reduced forms.
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was to internalize the externality). To illustrate how this mechanism works in the shadow price
formula, let us assume that leisure and the dirty good are complementary such that x! < %2,
which provides an incentive to relax the self-selection constraint through a higher commodity tax
on the dirty good, ceteris paribus. This effect is captured by the first term on the right hand side
of equation (14a). The same term re-appears in the second row of the unconditional shadow price
formula in equation (12”) and contributes to decrease (increase) u/y if ); %/ increases
(decreases) in E. The intuition is that more tax revenue increases the maneuver space for the
government when the self-selection constraint binds. The other terms in the second and third row

of equation (12”) are interpretable in the same general way.

We mentioned above that a binding self-selection constraint limits the scope for redistribution
which, in turn, creates an incentive to adjust the tax policy in order to relax this constraint. To
illustrate the key mechanism at work, let us simplify by considering the special case where
leisure is weakly separable from the other goods in the utility function, which means that x! =
%%, y' = 9% and MWPg, = MWPZ,. Equations (14) then imply t, = u/y = ¥; MWPEj'b and
t, = 0. In this special case, therefore, the second-best optimal commaodity tax policy coincides
with the first-best policy rules for commodity taxation presented in Section 2. However, as long
as the self-selection constraint is binding, we can, nevertheless, use these simplified commodity
tax formulas in combination with equations (11a) and (11b) to derive v} — ADZ — Avf = nvg.
Hence, v} > nv{ from which we may conclude that a binding self-selection constraint leads to
over-taxation of the low-ability type and under-taxation of the high-ability type compared to the
first-best resource allocation. The intuition is that the self-selection constraint imposes a
restriction on the amount of resources that the government can redistribute from the high-ability

to the low-ability type without undermining the redistribution system.

What does the second-best efficient resource allocation satisfying equations (11) imply for
marginal income taxation? Let MRSj,b =v)/v] (for j=1,2) and MRS, = ©Z/9¢ denote the
marginal rate of substitution between leisure and private disposable income for ability-type j and

the mimicker, respectively. To simplify the presentation, we use the following notation for how

increased leisure time affects the conditional compensated commodity demand:
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ox) _ ox)  ox j ay/ _ oyl oyl j
dazl ~ 9z)  abi MRSZ'D' azJ ~ 9z/  obJ MRSZ,b' (16)

We show in the Appendix that the marginal income taxes can then be written as follows:®

1 oxt 1 oyt

_ AN DT U

T} =2 (MRS}, — MRSZ,) + (t, — ;) — (17a)
_ w\ 1 ox%? 1 992

17 = (tc=4)n5m * by (170)

Before interpreting equations (17a) and (17b), let us rewrite equation (14a) to obtain an

expression for t, — u/y

097 /0 057 19, ,
o=t = 20t - ) ML gyt — g7y ML (142)

From (17a), (17b) and (14a’) we can conclude that the government has two basic motives to
influence the hours of work: (1) to relax the self-selection constraint and (2) to compensate the
consumers for the distortions created by the commaodity taxes. Since the government can use the
commodity tax on the dirty good, t,, to target the environmental damage, there is no incentive to
distort the labor supply behavior in response to the externality. In other words, equation (14a’)
means that u/y vanishes from the policy rules given in equations (17a) and (17b). This is, of

course, also a consequence of the principle of targeting.

To interpret equations (17a) and (17b), consider first the special case without commodity taxes
and without the environmental externality, i.e., where t, = t,, = u/y = 0. In this case, equations
(17a) and (17b) coincide with the marginal income tax formulas derived by Stiglitz (1982), where
the government implements a positive marginal labor income tax for the low-ability type and a
zero marginal income tax for the high-ability type. The intuition is that we can relax the self-
selection constraint by taxing the mimicked agent at the margin (which makes mimicking less
attractive).'” This is so because a potential mimicker attaches a lower marginal value to leisure
(and is thus hurt more by being forced to spend more time on leisure instead of earning income)

than the low-ability type.

18 This way of writing the marginal income tax formulas originates from Aronsson, Jonsson, and Sjégren (2006).

' Note once again that this refers to marginal taxation. Redistribution from the high-ability to the low-ability type
implies T(IY) < T(I?) at the second-best optimum, i.e., the income tax payment made by the high-ability type
exceeds the payment made by the low-ability type.
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Returning to the actual marginal income tax structure derived above, the final two terms on the
right hand side of equation (17a), and the analogous two terms on the right hand side of equation
(17b), are interpretable as interaction effects between marginal income and commodity taxation.
These effects arise because the government uses the (flexible) income tax to compensate the
consumers for distortions created by the (less flexible) commodity taxes. To see this more
clearly, note that the government has no direct motive besides externality-correction to affect the
consumption of the dirty good. Therefore, if t, # u/y at the optimum, the government may use
marginal income taxation to compensate the consumers for the distortionary effect caused by t,.
If t, > u/y, the commodity tax on the dirty good is interpretable as being too high from the
perspective of externality correction, in which case it is welfare improving to stimulate the
consumption of the dirty good. This provides an incentive for the government to implement a
higher marginal income tax rate if leisure is complementary with the dirty good (0%’ /92’ > 0),
and a lower marginal income tax rate if leisure is substitutable for the dirty good (0%’ /92’ < 0),
ceteris paribus. Policy incentives opposite to those just described surface if t, < u/y, meaning
that the government may use the income tax to reduce the consumption of the dirty good. By a
similar argument, we can interpret the term proportional to t,, in equations (17a) and (17b) as an
incentive to offset the distortion created by the commodity tax on the non-numeraire clean good,
by exploiting the relationship between the consumption of this good and the time spent on

leisure.

We have followed Sandmo (1975) and Pirttila and Tuomala (1997) in assuming that the
externality is generated through the consumption of dirty goods. An alternative approach,
explored by Cremer and Gahvari (2001), would be to assume that the externalities are generated
in production - through the release of emissions - instead of in consumption. They consider an
extension of the mixed tax problem under asymmetric information, where the government has
access to an emission tax in addition to the income and commodity taxes. If this emission tax is
flexible enough to allow the government to exercise perfect control over emissions, it follows that
the emission tax will be a perfect instrument for correction. Therefore, the principle of targeting
applies, meaning that the government uses the emission tax to correct for the externality, whereas

the policy rules for commodity taxation and marginal income taxation take the same form as in
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the absence of any externalities. Furthermore, the corrective component of the emission tax does
not only reflect the consumers’ marginal willingness to pay to avoid the externality; it also
reflects the self-selection constraints (via differences in the marginal valuation of a cleaner
environment between mimickers and mimicked agents) as well as tax base effects. As such, this

corrective tax component bears a close resemblance to equation (12) above.

4. Two Extensions of the Benchmark Model

In this section, we consider two extensions of the benchmark model set out above: (i) a non-
atmospheric environmental externality and (ii) border trade in the externality generating good.
Both extensions are empirically relevant and will change the results derived so far in fundamental

ways.

4.1 A Non-Atmospheric Externality

In the reference model analyzed in Sections 2 and 3, each individual contributes equally much to
the environmental damage at the margin. We referred to this externality as atmospheric. Another
possibility is that the externality is non-atmospheric such that the marginal contribution to the
externality differs between individuals.’® One example would be different types of air-pollution,
where the marginal damage increases with the local concentration in the atmosphere, in which
case one may expect the marginal damage to be sensitive to where the emissions are released
(this may apply to pollutants such as sulfur dioxide and nitrogen dioxide).”®> Another example
could be waste separation. If the waste of a dirty good is properly treated, then the environmental
damage is minimized and this occurs if the waste of the dirty good is sorted into the proper waste
bin. However, if the waste of the dirty good instead ends up in the wrong waste bin, this waste is
not properly treated and the environmental damage is larger. If the agents differ in the degree by
which they properly sort waste, the individual contributions to the environmental damage will
differ at the margin.?

8 See Diamond (1973) for an early contribution to the literature on tax policy responses to non-atmospheric
externalities. See also, e.g., Aronsson and Johansson-Stenman (2010) and Eckerstorfer and Wendner (2013), where
non-atmospheric consumption externalities are integrated into models of optimal redistributive taxation.

19 See Montgomery (1972) for an early study on cost efficient environmental policy in this context.

% This exemplifies a case where the externality is generated in the consumption process and not by the consumption
itself (c.f. Sandmo, 1976).
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To incorporate this feature into the model in the simplest possible way, we just assume that the
two ability-types differ in their marginal contributions to the externality and rewrite the equation

for the environmental externality to read
E =a'x! + a?x2. (18)

Following Eckerstorfer and Wendner (2013), the externality is said to be non-atmospheric if the
damage-weights differ across agents, i.e., if a® # a?, whereas an externality is said to be
atmospheric if the weights are equal across all agents. Except that equation (18) now replaces the
constraint £ = x! + x2 used in Sections 2 and 3, the model takes the same form as before.
Furthermore, all commodity and marginal income tax formulas presented below are derived in
the same general way as in Section 3. To avoid unnecessary repetition, we refrain from

presenting the underlying private and social decision-problems here.

For purposes of interpretation, it is convenient to begin by characterizing the commodity tax

structure in a hypothetical scenario where type-specific commodity taxes are available.* If we
denote the type-specific commodity taxes facing ability-type j by tj; and t{,, respectively, and
rewrite the government’s budget constraint to read ¥ ;(w/l/ — b/ +tlx +t§yf) =0, it is

straightforward to show that the solution would feature the following type-specific commodity

taxes:
~1 1 <
(= (ot — 22) 2L eyt — 52y L0y gt (192)
Q.]_ Q1 Y
. ~1 1
= 2t - 97 EL g (x — 22) L (190)
1 1
t2 = azg (19¢)
t2=0 (19d)

Where gy = py + tx, Gy = py + 65,800 Oy = 5550y — S 5

2! Recall that our earlier assumptions rule out individual-specific commodity taxes. Yet, it is not always unrealistic to
allow the commodity taxes to differ between individuals, since the consumption of certain goods is observable at the
individual level (e.g., homes and cars).
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The social shadow price of the environmental damage, p/y, takes the same form as in equation
(12) in Section 3, with the exception that the feedback parameter is slightly different here.?? The
tax formulas in (19) reveal two important insights. First, if type-specific commodity taxes were
available, the self-selection motive for implementing a non-zero commodity tax (as reflected in
the first two terms on the right hand side of equations ([19a] and [19b]) would only apply in the
tax formulas for the low-ability type.?® This is analogous to results derived in the literature on
optimal nonlinear income taxation, where the incentive to relax the self-selection constraint
motivates a distortion imposed on the mimicked agent (the low-ability type). Second, the part of
the commodity tax formula that is associated with externality correction is scaled by the marginal
damage implied by each type’s consumption, a’. The latter result implies that the externality

correcting part of the type-specific commodity tax differs between agent types if a® # a?.

Let us now return to the outcome of the actual policy problem, where each commodity tax must
be paid at the same rate by everybody. The second-best efficient commodity tax structure can

then be summarized as follows:?*
9vJ /0 057 19,
e = A — ) ML eyt - 92) ML 4 L (11 4 027) (20a)

071 10q, R 0%l /0
t, =A*(y1—372)2’ xﬂ/ q —A*(xl—xz)zj *//0qy

Q
le1_ 2y 0%%/9qx 0% 2 _ 1) 0%'/0qx 052
+=|(a’ —a®) 5 aqy+ (a®—a') 0 o (20b)
where
2 oy) _axt oxt . oyl Z oyl ax? . 9y
91 = 6qx Jaqy 9qy“Jaqy and 92 = qu Jaqy 0qy“Joqx
Q Q ’

*2 The analogue to the feedback effect in (13) is given by

% This result would also hold in the reference model presented in Section 3 if type-specific commodity taxes were
available.

% To derive equations (20a) and (20b), we use the same approach as when deriving equations (14a) and (14b). The
only difference is that the externality is non-atmospheric here and given in equation (18).
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and where we use that Q (which was defined in Section 3) can be written as

= (aCIxZ] aCly BQyZ‘] a%c) + (anZ] BQy aQyZ‘] aCIx).
This means, in turn, that 81 + 82 = 1. The first two terms on the right hand side of equations
(20a) and (20b) are analogous to their counterparts in equations (14a) and (14b), which were

discussed at some length in Section 3.

The novelty here is the third term on the right hand side of each tax formula, showing how the
social shadow price of the environmental damage, u/y, affects the optimal policy rules for
commodity taxation. From equation (20a), we see that the corrective part of the commodity tax
on the dirty good is a weighted average of the social marginal damage generated by each ability-
type’s consumption of the dirty good, i.e., a weighted average of au/y and a?u/y. Another
interpretation is that the corrective part of the commodity tax on the dirty good is a weighted
average of the corrective components included in the hypothetical, type-specific commodity taxes
in equations (19a) and (19c). In the special case where the externality is atmospheric such that
al = a?, equations (20a) and (20b) coincide with the commodity tax formulas in the benchmark

model given by equations (14a) and (14b).

However, if the externality is non-atmospheric, i.e., a® # a2, a linear tax on the dirty good is not
a sufficiently flexible instrument for internalizing the externalities. In turn, this will have
implications for the optimal taxation of the clean non-numeraire good and for the marginal
income tax rates. If a® > a?, the corrective part of t, in equation (20a) falls short of the value of
the marginal externality generated by the low-ability type and exceeds the value of the marginal
externality generated by the high-ability type. From the perspective of externality correction,
therefore, the low-ability type consumes more of the dirty good than preferred by the
government. This provides an incentive for the government to use the tax on the non-numeraire
clean good as an indirect instrument for externality correction by reducing the low-ability type’s
consumption of the dirty good. Therefore, if the non-numeraire clean good and the dirty good are

substitutes (complements) in the sense that the compensated cross-price effect, d%'/dq,, is

positive (negative), the government will choose a lower (higher) t, than otherwise for this
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particular reason, which is captured by the first term inside square brackets in the second row of
equation (20b). By analogy, if a® < a?, the externality correcting part of ¢, would be too high
for the low-ability type, in which case the government would like to use the tax on the clean good
as an indirect instrument to increase the low-ability type’s consumption of the dirty good. The
second term inside square brackets in the second row of (20b) can be interpreted along similar
lines. In other words, if the commodity tax on the dirty good is not a perfect instrument for
internalizing the social cost of environmental damage, there is an incentive to modify the tax on
the non-numeraire clean good by exploiting complementarity or substitutability between the
clean and dirty goods. This is also interpretable to mean that Sandmo’s additivity property no

longer applies.

The inability of t, to fully internalize the externalities generated by the consumption of the dirty
good will have implications also for the marginal income tax structure. By using the same

approach as in Section 3, we can derive the following marginal income tax formulas:

T} =2 (MRS}, — ¢MRSZ,) + (tx—alg)ﬁg—i+%g—fi (21a)

17 = (t, — a? g)%Z—’Zf + 2 (21b)
where

te—atl= 1@t - 22) W Xyt =92 % + (a2 —ah)p?t (22a)

te— a2l = 2(x} - 22) w — (= §2) EfayTj/aq" + (' —aD)ott (22b)

Compared to the benchmark model in Section 3 (where there are two motives for influencing the
hours of work; to relax the self-selection constraint and to compensate the consumer for the
distortions created by the commodity taxes), equations (21) and (22) imply a third motive for
influencing the hours of work: externality correction. The reason behind this additional motive
for marginal income taxation is that the tax on the dirty good is not a flexible enough instrument
for internalizing the non-atmospheric externality. The intuition is similar to that behind the

corrective parts of the tax on the non-numeraire clean good.
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To see this more clearly, consider first the marginal income tax rate implemented for the low-
ability type in equation (21a). If a® > a2, we know from above that the corrective part of ¢, falls
short of the marginal social damage generated by the low-ability type’s consumption of the dirty
good. It follows that the second term on the right hand side of equation (21a) is negative
(positive) if leisure is complementary with (substitutable for) the dirty good in the sense that
0x1/0z' > 0 (< 0). By implementing this policy, the government is able to reduce the low-
ability type’s consumption of the dirty good. The opposite incentive to increase the low-ability
type’s consumption of the dirty good would obviously arise if a® < a?. The interpretation of the

marginal income tax rate facing the high-ability type is analogous.

4.2 Border Trade
Another case when the additivity property does not necessarily apply is when the dirty good can
be purchased both at home and abroad. To briefly illustrate this case, let us return to the reference

model presented in Section 3 with the modification that the dirty good can also be purchased

abroad.® If we let xé and xé denote the quantities of the dirty good that an individual of ability-

type j buys domestically and abroad, respectively, the private (first-stage) budget constraint can
be written as b/ = ¢/ + gy’ + GuX) + mex) + r(x]), where g, = p, + t, denotes the domestic
consumer price of the dirty good (as before), m, is the consumer price facing the agent if she
purchases the dirty good abroad, and T(xé) is a transportation cost of importing the good. We
assume that this cost is increasing and convex in x{l and all interpretations below are based on
the assumption that 7, < q,. The private first-order condition for an optimal choice of xé IS

given by g, = 7, + r'(x]) which implies that x becomes an increasing function of q,.. Finally,

we assume that the dirty good, regardless of whether it is purchased at home or abroad, is

consumed at home. This means that the externality is given by E = }’; x/, where x/ = xé + xé.

The optimal income and commodity tax policy will depend on the possibility of influencing the
dirty good purchased abroad via trade policy. If such options were available, the marginal income
and commodity tax structure would take exactly the same form as in the benchmark model.

However, if trade policy for some reason is not an available option (e.g., due to free trade

% The modelling approach in this part is based on Aronsson and Sjégren (2010).
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agreements), the policy incentives will resemble those of a non-atmospheric externality addressed
in the previous subsection. We will focus on the latter case in what follows. The social decision-
problem thus takes the same form as in Section 3, with the exceptions that (i) the dirty good can
be bought both at home and abroad, and (ii) the government lacks a direct instrument through
which to affect the import of the dirty good. By using the same procedure as in Section 3, we end
up with the following expressions for commodity taxation:

~ 99/ /0 . R 50 ax} /o ayJ
t, =/1*(x1 _xZ)ZJ }g;d/ qJ’_/l (yl 2)M+ _|_“Zf);—d/qxzj Y (236.)

o 2% /04, o\ T;0%)/8q, u¥;0xl/0q,
— 1*(v1 _ 522/ 7d 1% (1 _ p22]77d Yy __H4aj¥%a
ty =40 - 97— -4 -9

0 T oy Zj% (23b)

J
where Qg = %;; axdz‘,] 8y -2 axdz‘,] 0y) . As before, all interpretations will be based on the

assumption that Q4 > 0.

The first three terms on the right hand side of (23a) are analogous to their counterparts in
equation (14a), and the first two terms on the right hand side of (23b) are analogous to their
counterparts in equation (14b), and will not be further discussed here. The novelty compared to
the commodity tax formulas in the benchmark model (the equations in [14]) is the appearance of
the final term on the right hand side of equations (23a) and (23b). First, note that axg;/aqx >0
and ayf/aqy < 0, meaning that the final term on the right hand side of equation (23a) is
negative. This has a strong implication: the corrective component of the dirty good tax — as given
by the sum of the two final terms in equation (23a) - falls short of the social shadow price of the
environmental damage, u/y. The intuition is that the domestic tax base for the dirty good does
not exactly correspond to the externality-generating consumption base, meaning that the tax is no
longer a perfect instrument for correction. Note also that the more sensitive the level of border
trade is to the domestic consumer price, i.e. the larger axc{/aqx, the smaller will be the corrective

part of the commodity tax on the dirty good, ceteris paribus.

Second, and by analogy to the results in subsection 4.1, since the commodity tax on the dirty is
no longer a perfect instrument for externality correction, the government has an incentive to use

other instruments in order to influence the consumption of the dirty good. In the tax formula for
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the clean good, i.e., equation (23b), this aspect is captured by the final term on the right hand
side. If the clean good is complementary with (substitutable for) the dirty good in the sense that
afé/aqy <0 (> 0), then t, will be set at a higher (lower) level than otherwise. Externality

correction thus constitutes a motive to tax complements to the dirty good and subsidize
substitutes for the dirty good.

Third, the fact that ¢, is not a perfect instrument to control the total consumption of the dirty
good also affects the policy incentives underlying marginal income taxation. By applying the

same procedure as in Section 3, we can write the marginal income tax rates as follows:

A — w\ 1 0%5 1 oyt
Th = 2 (MRSE, — pMRSZ,) + (6 ) e + ¢, 2% (242)
2 p\ 1 0%5 1 992
Tf = (tx B ;) w2 62(21 Y w2 9z2" (240)

Although equations (24a) and (24b) have the same form as the marginal income tax rates in
Section 3 (equations [17a] and [17b]), an important difference in that t, — u/y now depends
explicitly on u/y, and that the commodity tax on the non-numeraire clean good also depends

explicitly on u/y. This is easily seen by rewriting equation (23a) such that

LB aepd o Zi0¥/0ay oy 5 5j09/0ay | pX;9x)/94x v 03
o=y = A =)= = = O =) T T Yiagy (25)

Since border trade induces the government to set the corrective part of t, below u/y for reasons

explained above, there is a corrective motive for stimulating the hours of work for ability-type j if
leisure is complementary with the dirty good (afé/azf > 0) and reduce the hours of work if
leisure is substitutable for the dirty good (a;zc;/azf < 0). The interpretation of the term
proportional to t, is analogous. The bottom line is that the policy rules for ¢, —u/y and t,

depend explicitly on the social shadow price of the externality, u/y, implying that the efficient

marginal income tax rates also depend on this shadow price.

5. Transboundary Environmental Damage

When the environmental problem is transboundary, national policies typically fail to fully
internalize the associated externalities. The reason is that national policies are likely to reflect
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national objectives and constraints, which do not recognize the welfare costs that domestic agents
impose on other countries. In this section, we extend the analysis to a framework with two

countries, where the externality generated in each country spills over to the other country.

5.1 Briefly on Cooperation in a Two-Country Benchmark

Transboundary environmental externalities were integrated into a model of optimal mixed
taxation by Aronsson and Blomquist (2003), in which a non-cooperative Nash equilibrium and
cooperative equilibrium were compared from the perspective of optimal income and commaodity
taxation. % Following Aronsson and Blomquist, it is easy to extend the benchmark model to a
two country economy, where the preferences of the residents in each country take the same
general form as in equation (1). We can then characterize the tax policy implicit in a Pareto-
efficient, cooperative equilibrium. To exemplify, let superscript i be the country indicator, and let
the environmental damage facing the residents in each country be given by the aggregate
consumption of the dirty good measured over both countries, i.e., E = ¥;[x"' + x“?]. Without
any labor mobility between the countries, a globally efficient resource allocation can be derived
by assuming that a (hypothetical) social planner maximizes the utility of the low-ability type in
one of the countries, say, country 1, subject to (i) a minimum utility constraint for the high-ability
type in the same country, (ii) minimum utility restrictions for both ability-types in the other
country, (iii) self-selection constraints for each country (each of which takes the same form as
equation [9]), and (iv) an overall resource constraint. It is then straightforward to calculate a

global-economy-analogue to equation (12) given as follows (based on the same notation as

above):
.. . ; 1 . gzl . gyt
% =0y, [2 jMWP., + A (MWP;, — MWP;) — X th ;‘—E —%;th ay—E (12a)
where

1 axtt  oxb?
c 1_Zi[6E + aE]'

% Aronsson and Johansson-Stenman (2015) address the implications of transboundary consumption externalities
emanating from relative consumption concerns, and analyze the implications of such comparisons for optimal
redistributive income taxation in a non-cooperative (Nash and Stackelberg) equilibrium and cooperative equilibrium,
respectively.

28



Equation (12a) means that the social marginal value of a cleaner environment (i.e., the social
shadow price of the environmental damage) reflects the sum of the marginal willingness to pay to
avoid the externality measured among the consumers in both countries, as well as the self-
selection constraints and tax base effects in both countries. In other words, we just sum of
country-specific components (as described in the benchmark model) to arrive at the correct social

shadow price.

Conditional on u/y in equation (12a), the commodity taxes implemented in each country can still
be characterized in the same general way as in equations (14) and the marginal income tax rates
as in equations (17). Therefore, each tax instrument plays exactly the same role as in the
benchmark model, with the only modification that the marginal social value of a cleaner
environment is given by equation (12a) instead of equation (12). The intuition is, of course, that
all interaction between the countries originates from the environmental externality in this

example.

5.2 A Model of Non-Cooperative Behavior

Since global social planners do not exist (at least not to our knowledge), it is clearly useful to
examine the policies that would follow from non-cooperative behavior. In studying tax policy by
national governments, we follow the modelling approach of Aronsson, Persson, and Sjogren
(2014) in considering two “large open economies”, whose governments realize that their policy
choices may significantly affect the world market producer price of the externality-generating
good. This model provides a rich structure, where inefficiencies (due to cross-country interaction)
arise both because the environmental externality that each country generates spills over to the
other country, and because the countries may act strategically in trying to influence the
environmental externalities via the producer price of the externality-generating good.?” A small
open economy model follows as the special case where each country treats the world market
producer price of the externality-generating good as exogenous. In addition, our model

encompasses “emission leakage” in a natural way and integrates it into the theory of optimal

27 Other possible reasons why uncoordinated fiscal policies are inefficient (albeit not addressed here) include tax
competition and fiscal externalities. See Cremer and Gahvari (2005) for some analysis in that direction.
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mixed taxation.?® Such leakage arises here because increased emission taxation in one of the
countries reduces the demand for the externality-generating good and thus also reduces the
producer price of this good, which tends to increase the emissions generated abroad.

We start by characterizing the income and commodity tax policy in a non-cooperative Nash
equilibrium, where each national government treats the policy variables of the other country as
exogenous, and end with a brief discussion of the welfare consequences of marginal policy

coordination.

Consider a set-up with two countries, denoted i = m,n, which are large in the sense that each
national government is able to affect the world market producer price of the externality-
generating good. Except for the country indicator attached to some of the variables, the notations
are the same as above. Without any loss of generality, we simplify by omitting the non-numeraire
clean good y throughout this section. To simplify the analysis of marginal policy coordination
below, we also add the assumption that each individual has preferences for a public good, G,
which enters each ability-type’s utility function additively via the sub-utility function (p(Gi);
otherwise the ability-types have the same preferences as in the benchmark model in Sections 2

and 3. The utility function facing ability-type j in country i can then be written as

ubi = u(ci,j’xijlz,jlei’E) — ﬁ(ci’j,xij,Z'ij,E) + (p(Gi).
There are two production sectors, denoted ¢ and x, respectively, which produce the two consumer
goods (good ¢ and good x), and the goods can be traded between the two countries. The
production functions can be written as F(1%%, 1) and F (142, 15"), respectively, where 2/ and
l,igj are the amounts of labor of type j employed in sectors ¢ and x in country i, such that li:j +

1% = b =1 — 7z for j=1,2. It is assumed that both inputs are essential, that the marginal
product of each input is positive and diminishing, and that the production technologies are

characterized by constant returns to scale. Normalizing the production functions with respect to

the hours of work supplied by the low-ability type in each sector, we obtain f}(nl) = FI(-)/15"

% The leakage problem has been discussed many times in earlier literature, albeit in contexts different from ours; see
e.g., Gurzgen and Rauscher 2000), Conconi (2003), and Lai and Hu (2005),
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and fi(nk) = EL(-)/1" where nl = 15%/15" and nk = 122 /15", It is assumed that the workers are
perfectly mobile between sectors but immobile between countries. This assumption simplifies the
analysis and implies that the type-specific wage rates in country i will be the same in both

sectors. The necessary conditions for profit maximization can be written as follows:

; afi(nt i (o i 0ff(nk

wiz = —ar(lg ), wil = fi(nd) — nt —aflé ) (260)
; afi(nk) ; (o ; 9fi(nk)

wh? = Px an whl = prxl(nalc) — DxN; onL (26b)

where p, is the world market producer price of the dirty good. Combining the equations in (26a)
and (26b) with the identities 152 = 1% + 112 and 141 = 1% + [1* allows us to define w/, 1%/ and
12/ (for j = 1,2) as functions of 12, [*1 and p,.. Substituting 1%/ (1%, 12, p,)) and 1%/ (151, 122, p,.)
into the production functions gives the equilibrium supply functions which we denote
SL(1M1, 142, p, ) and SL(1M, 142, p, ), respectively. Since the two consumption goods can be traded

between the countries, equilibrium in the market for the dirty good satisfies®
ST+ Sp—%;(x™ +x™) = 0. (27)

By using that g. = p, + t., equation (27) implicitly defines p, as a function of the two
governments” decision variables (b%%, b2, 141,142, tL) for i = m,n, as well as a function of E.

Finally, since the environmental damage is transboundary, it follows that E = Zj(xm*f + x”'f).

The optimization problem facing the government in country i is to maximize the utility of the
low-ability type subject to (i) the given level of utility for the high-ability type, (ii) the self-
selection constraint, (iii) the budget constraint, and (iv) the environmental constraint. Since w!
and w'? are both functions of [**, 1% and p,, also the relative wage rate, ¢! = wbt/wb?,
becomes a function of these variables. The tax revenue is used to finance redistribution and the
provision of the public good. Therefore, government i’s budget constraint is given by G' =
Yi(whiiti — b4 + ¢lx). By using the individual budget constraints and the zero profit

conditions following from the assumption of constant returns to scale in the production, we can

# It follows from Walras™ Law that the market for good c is also in equilibrium.
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then rewrite this budget constraint to read G'= S.+ p,SL+ X;(tix"/ —b'/). Government
i=m,n treats p, as an endogenous variable and acts as a first mover via-a-vis the private agents in

both countries but treats the policy variables chosen by the other government as exogenous.

By using v*/ to denote the indirect utility function of ability-type j in country i, the Lagrangean
associated with government i's maximization problem can be written as follows (the problem

facing government k # i is analogous)

L= vbl 4 i(vi2 — 52) 4+ 21 (vi2 — 912) 4+ pi[E — ¥, (x + %))
I[SE 4 paSt + 5t — bT) - G,

The first-order conditions associated with government i’s maximization problem are presented in
the Appendix. A non-cooperative Nash-equilibrium is defined to imply that both countries satisfy
all their first-order conditions (including the Lagrange constraints) simultaneously. We will here
present the income and commodity tax structure implicit in Nash-equilibrium. Furthermore, since
the public good was introduced in order to simplify the cost benefit analysis of marginal policy
coordination to be discussed at the end of this subsection, we abstract from public good provision

when characterizing the non-cooperative tax policies, i.e., G' = 0 to begin with.

Let us begin with the commodity tax on the dirty good. In the Appendix, we show that the

commodity tax implemented by country i takes the following form:

y s . .
o= M (gia g2y (ART00, it nx (28)
X yjexti/aqk Bxyl opx e Bt

where NX' = S. — ¥ ; x"/ is country i’s net export of the dirty good, x* = 1 + dp,/dtL > 0, and

where
3 3 ] 2 asx
Sx X" i Lapy
Bl=Sigs —LiXi5r >0 ¢ =5 e 0D
opx ~J aql

for k # i. The first term on the right hand side of equation (28) is analogous to the corresponding

term in equation (14a). The second term is also a consequence of the self-selection constraint;
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albeit for another reason. It arises because a change in the producer price of the dirty good —
induced by an increase in the commodity tax — influences the relative wage rate.®® As a
consequence, the relative wage rate provides yet another channels through which to relax the self-
selection constraint. Since dp, /dt. < 0, a higher (lower) commodity tax on the dirty good will
relax the self-selection constraint if d¢'/dp, < 0 (> 0), which provides an incentive to

implement a higher (lower) t& than otherwise.

The incentive to correct for the externality is captured by the third term on the right hand side of
equation (28), where u'/y‘ denotes the value that government i attaches to a cleaner

environment. This shadow price can be written as

i_ = 5 [%; MWPL) + 2 (MWPEL — MWPLE) - 3t aax_;
&i(;i;ai) (;Lizi;iﬁzi'z Z%; + NXi) (29)
where
N (-0 5 s

A=

1
= 1Ty T i 7

The first row of equation (29) is analogous to the expression for the shadow price in equation
(12) above. The novelty here is the appearance of the second row, which is a consequence of the
assumption that the world market producer price is endogenous. An increase in the environmental
damage may thus influence the world market producer price which, in turn, affects the relative
wage and the value of the net export of the dirty good. In general, this additional effect is
ambiguous in sign and depends on (i) the relationship between the environmental damage and the
producer price, p,., (ii) the relationship between the producer price and the relative wage rate, and
(iii) whether country i is a net exporter or net importer of the externality-generating good. Since
the specific details of these possible interactions are not important for the discussion given below,

we refer the reader to Aronsson, Persson, and Sjogren (2014) for a more thorough interpretation.

% This mechanism would also appear in a one-country model, such as the benchmark model, if based on a more
general technology. See Naito (1999).
%1 A higher commodity tax has a negative effect on the demand for the dirty good and, therefore, also on p,.

33



Returning to equation (28), an interesting aspect is that the effect of u'/y* is scaled down by the
factor @' < 1. Therefore, the externality-correcting component of the tax on the dirty good falls
short of the marginal value the government attaches to a cleaner environment. This is a
consequence of the assumption that each national government takes the leakage phenomenon
described above into account. Although a lower domestic tax leads to more environmental
damage generated in country i (compared to a case where the domestic externality is fully
internalized), it also leads to a decrease in the environmental damage generated in the other
country, ceteris paribus. More specifically, by setting the externality-correcting part of the
commodity tax below u!/yt, the domestic demand for the dirty will be higher than under full
domestic externality correction. In turn, this leads to a higher world market producer price, p,,
which reduces the demand for the dirty good in the other country. The latter contributes to reduce

E and is, therefore, welfare improving from the point of view of country i.%

The final term on the right hand side of equation (28) reflects a terms of trade effect. If country i
is a net exporter of the dirty good, then a higher producer price increases the value of the net
export which, itself, is welfare improving. Since an increase in the domestic commodity tax leads
to a lower world market producer price of the dirty good (i.e., dp,/dt. < 0), the terms of trade
effect motivates a lower commaodity tax. Instead, if country i is a net importer of the dirty good,

the terms of trade effect correspondingly motivates a higher commodity tax.

Before characterizing the marginal income tax policy, it is useful to evaluate how an increase in
p, affects the welfare in country i. By using that the national welfare function in country i, W¥,
equals the national Lagrangean, L!, in Nash-equilibrium, it can be shown (see the Appendix) that

this welfare effect is given by

*2 In a small open economy, in which the producer price of the dirty good is treated as exogenous by each national
government, it is straightforward to use the calculations presented in the Appendix to show that equation (28)
reduces to read
) /11',* ) ) .Lli
tt=c——— (" = 2" +—.
* =597 /0g5 ¢ AT

In a small open economy, the externality-correcting part of the tax on the dirty good coincides with the national
government’s perception of the marginal social value of a cleaner environment. Therefore, it is also straightforward
to show that the additivity property will apply in the special case of a small open economy.
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i 2
where ' =1+ dp,/ot. > 0. Equation (30) shows that an increase in p, affects welfare in
country i via three distinct channels. The first is a redistributive component which works through
the self-selection constraint and arises because an increase in p, affects the relative wage rate,
¢t = whl /w2, If a¢t/dp, > 0, it follows that the mimicker must supply more labor to reach
the same before-tax income as the low-ability type, meaning that mimicking becomes less
attractive. This contributes to relax the self-selection constraint which is welfare improving. By
an analogous argument, the first term is negative if d¢*/dp, < 0. The second channel through
which an increase in p, influences welfare in country i goes via a terms of trade effect, the sign
of which depends on whether the country is a net exporter (NX! > 0) or net importer (NX* < 0)
of the dirty good. Finally, an increase in p, contributes to reduce the demand for the dirty good in
the other country. All else equal, this reduces the environmental damage, which improves the

welfare in country i.

The marginal labor income taxes implemented by the government in country i can be written as

follows:
i1 Av i1 02 ioph) 1 oaxbt wil gwi
TI — Wil (MRSzb ¢ MR z,b Zb PYIE! + (tx - ; wilgzil wilyl ap, (318.)
i,2 ll llZ i2 a¢ i Hi 1 ajz.i,Z q;i,Z aWi
TI wi2 MRSZb gli2 + tx - ; Wazi,z - Wi,zyi Py (31b)

where Wi/ = —(9SL/91" + 9% /9241) /B,

The first three terms on the right hand side of equation (31a) and the first two terms on the right
hand side of equation (31b) are analogous to their counterparts in the benchmark model and
interpretable is the same general way. The novelty here is the appearance of the final term in each
equation, which captures the joint effect of two mechanisms: (i) how the world market producer
price of the dirty good changes in response to an increase in the hours of work (captured by Wi/),
and (ii) how an increase in p, affects the domestic welfare (given in equation [30]). For instance,
if p, decreases in response to an increase in the hours of work supplied domestically such that

Yij < 0 and if aW!/dp, > 0, a policy-induced decrease in the labor supply would lead to a
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higher world market producer price of the dirty good and in the end also to higher domestic
welfare, which gives an incentive for government i to implement a higher marginal income tax
rate for ability type j than it would otherwise have done. Analogous policy incentives will follow
if W&/ > 0 and/or 0W*/dp, < 0.

From an environmental policy perspective, an interesting result is that the variables t* — ut/y?
and oW /dp,, respectively, on the right hand side of equations (31a) and (31b) directly depend
on the value that government i attaches to a cleaner environment, i.e., u'/y*. This is interpretable
to mean that the income tax is used as an indirect instrument for externality-correction. The
intuition is that each national government counteracts the environmental damage via two
channels by (1) reducing the domestic consumption of the dirty good, and (2) trying to achieve a
reduction of the dirty good consumption in the other country through a tax-induced increase in
the world market price of the dirty good. The commodity tax on the dirty good is not a flexible
enough instrument to target both these channels of influence, implying that the income tax will
serve as a supplemental instrument for correction. As such, the additivity property is not

applicable here.

The non-cooperative Nash equilibrium described in this subsection is inefficient for two reasons:
first, the cross-border spillover effects of the environmental damage are uninternalized when the
national governments behave as Nash-competitors to one another and, second, the countries act
strategically by trying to influence each other’s environmental damage through the (common)
price of the externality-generating good.* To take the discussion a bit further, let us consider
marginal policy coordination where the two governments agree upon smaller projects with the
stated purpose of improving the total welfare, and where the non-cooperative Nash equilibrium
constitutes the reference point. To evaluate the welfare effects of this policy reform, we can
utilize that the tax policy is optimally chosen on a national basis in the non-cooperative Nash
equilibrium. Therefore, a coordinated infinitesimal change in one or several policy instruments
only affects welfare because changes in the public decision variables in country i give rise to

welfare effects in country k, and vice versa. To illustrate, we consider a coordinated increase in

% The latter is a consequence of the assumption that the national governments can significantly affect the world
market producer price; it would vanish in a framework with small open economies, which are price takers on the
world market.
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the commodity tax where the increased tax revenue is balanced by a corresponding increase in
the provision of the public good. A straightforward application of the Envelope Theorem gives
the following welfare change for country i (the welfare change facing country k is analogous):

; i« 0xkI awlap,
AW = (_ul P T %) dtk. (32)

Equation (32) shows that the policy reform influences the welfare in country i through a direct
effect on the foreign demand for the dirty good (which is positive since a marginal increase in t¥
reduces the environmental damage generated in the other country k), and an indirect effect via the
world market producer price. If 9W!/dp, < 0, and since dp, /dt¥ < 0, it follows from equation
(32) that this policy coordination would unambiguously increase the welfare in country i. Since
an analogous cost-benefit rule applies to country k, a similar conclusion also applies to the other
country if aW¥/0p, < 0. Similar cost-benefit rules can be defined for policy coordination in

terms of other instruments.

6. An Overlapping Generations Economy with a Stock-Externality

Many (if not most) environmental problems are intertemporal in nature, such that the
environmental damage is generated by an accumulated stock (instead of a flow). The climate
problem is the prime example; however, it is easy to think of other relevant examples as well. In
this section, we extend the analysis to an overlapping generations (OLG) model with stock-
pollution, while still retaining essential features of the benchmark model examined in Sections 2
and 3. Earlier literature on optimal income taxation in OLG economies typically focuses on
issues other than environmental externalities.** Aronsson and Johansson-Stenman (2010) used an
OLG model to analyze optimal redistributive income taxation in a model with consumption
externalities generated by relative consumption concerns. The model set out below is similar to
their framework; yet with the important modifications that (i) the consumption externality is a
state-variable, and (ii) the government solves a mixed tax problem (instead of an optimal income

tax problem).

% An important issue in earlier studies refers to the role of capital income taxation when the labor income tax is
optimal. See the seminal contribution by Ordover and Phelps (1979) and the subsequent extensions by Brett (1997)
and Pirttil4 and Tuomala (2001).
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Private Sector

We assume that each individual lives for two periods; works in the first and is retired in the
second. An individual entering the economy in period t (who is young in period t and old in
period t+1) will be referred to as belonging to generation t in what follows. The population is
constant and the number of individuals of each ability-type and generation is normalized to one.
The life-time utility function of an individual of ability-type j and generation t is written as
follows:

J_ J oJ ) ] Jj j Jj
Ui = u(cw X1e Ve Z1e Et) + ﬁu(czwv Xoe41 Yar+1 b Et+1) (33)

where £ denotes the utility discount factor, and E; denotes the stock of pollution - our measure of
environmental damage - in period t (to be defined below). Since the individual does not work in
the second period, leisure time coincides with the time endowment, normalized to unity. As a
notational convention to be used throughout this section, sub-script “1t” refers to decision-
variables when the consumer is young in period t and sub-script “2t + 1” to decision variables

when the consumer is old in period t + 1.

The life-time budget constraint facing a consumer of ability-type j and generation t can then be

written as
letl{t Tt(wltl{t) Slt = Clt + Gy, txlt +q,, tylt + Slt (34a)
1+ 7"t+1)51t q)t+1(rt+151t) C2t+1 + qx t+1xét+1 + qy, t+1th+1 (34b)

where s . denotes saving by the young ability type j of generation t, 1, denotes the interest rate

in period t+1, and CDt+1(Tt+151]t) denotes the capital income tax (positive or negative) paid by the
same consumer when old. The remaining notation is the same as in the benchmark model except

for the time and age indicators attached to the consumption variables, and that 7, . and 7, . are

now used to denote the commodity taxes on the dirty good and clean non-numeraire good,
respectively, in any period t.>® Both the labor income tax and the capital income tax are general,

J
nonlinear functions. An individual of ability-type j chooses lw clt, xw ylt' Coranr x2t+1, and

y2’t+1 to maximize the utility function given in equation (33) subject to the budget constraint in

% This change of notation is motivated by the fact that t is used as a time indicator here.
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equations (34). In doing so, each individual treats the before-tax wage rate, the interest rate, the

consumer prices, and the environmental externality as exogenous.

As in the benchmark model, we solve the consumer’s maximization problem in two stages. The
reason is again that the conditional demand functions and conditional indirect utility functions are

useful in the formulation of the optimal tax problem. In the first stage, we choose

’t,x{t, yljt, c{tﬂ, x£t+1 and yzjt+1 to maximize utility subject to the following budget constraint:

1
b{t = C{t + Qx,tx{t + Qy,tyft (35a)
bét+1 = Cét+1 + Qx,t+1xét+1 + qy,t+1y2jt+1 (35b)

where b{t is the available consumption space when young in period t (i.e., the after-tax income

net of saving) and bgtﬂ is the available consumption space when old in period t + 1 (saving plus

the capital income net of tax). This gives the following conditional demand functions for the

young ability-type j:

€1jt = {(b{t' Qx,t' qy,t'Z{t' Et) for ( = x'y (36&)

and the following conditional demand functions for the old ability-type j:

ggt+1 = g(b£t+1l qx,t+1' qy,t+1'Et+1) fOf f =X, y (36b)

The conditional indirect utility function is derived by substituting equations (36a) and (36b) into

equation (33)

Vt] = U(b{t: Ax,tr Ayt Z{t' Et) + ﬁv(bétﬂ, Ax,t+1, Qy,t+1, Et+1)- (37)

In the second stage, we choose the hours of work and savings to maximize the conditional
indirect utility function subject to the budget constraints b{t = wljtl{t - Tt(w{tl{t) - Sljt and
)y = (L +7041)s], = Doy (rey1s),). By using dT//dll, and d®/,,/dl},,, to denote the
marginal labor income tax rate and marginal capital income tax rate, respectively, the first-order

conditions for 1], and sj, can be written as
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. N .
MRS}, = (1 - dl't) Wiy, MRSy}, =1+ (1 - jm) Tt+1 (38)

bl 7 = J i it i
where I, = wi li, I5,41 = Tt+151, and where the two marginal rates of substitution are defined
as

ovl jaz) it av) /o’
1t/ 1t MRSJ. _ _1t/ 1t

J Jj? bi,b, J j o
0vy,/0by, V2 BOvy, 1 /0byy,

MRS]y =
To keep the model as simple as possible, we consider a closed economy with a linear production
technology. The latter implies that the factor prices are fixed in each time period, although
possibly varying between time periods (i.e., the linear production technology may change over

time). The closed economy assumption implies that that the aggregate saving in period t — 1 will

constitute the aggregate capital stock in period t, i.e. K, = Y; s{t_l.

Finally, we assume that the stock of pollution in any period t, E;, equals the previous period’s
stock of pollution net of depreciation plus the release of emission in period t, which is given by

the aggregate consumption of the dirty good, i.e.,

E.=(1—p)E,_q + X;(x], +xJ,), (39)

where p denotes the rate of depreciation. Since the instantaneous contribution to the stock of
pollution depends on the aggregate consumption of the dirty good, we can think of the externality
implied by equation (39) as a dynamic analogue to the atmospheric externality in the benchmark

model in Sections 2 and 3.

Optimal Taxation

We follow earlier literature on optimal redistributive taxation in OLG models (see, e.g., Pirttil&
and Tuomala 2001; Aronsson and Johansson-Stenman 2010) in assuming that the government
aims to maximize a general social welfare function W (Y;; A 2 Vt{;l,..).36 Since there are two

low-ability individuals and two high-ability individuals alive in each period (one young and one

% Since the resulting social optimum is Pareto efficient, the same policy rules for commodity taxation and marginal
income taxation as those derived below would follow if we instead assume that the government aims to maximize
the utility for one specific ability-type and generation subject to minimum utility restrictions for all other agents. This
means that the results derived below are comparable to those presented above.
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old agent of each ability type), and if we assume public budget balance in each period to simplify

the analysis, the public budget constraint in period t is given by
Z]'[Tt(wljtl{t) + q)t(rtsft—l)] T Tat Zj(x{t + x%t) T Tye Zj(yljt + yzjt) =0. (40)

By using the private budget constraints together with K, = ¥’; sljt_l, we can rewrite equation (40)

to read

Z]'(letl{t - b{t - bgt) +Ke(1+ 1) = Keyr + Toe Zj(x{t + xgt) + Ty Zj(yljt + yzjt) = 0.
(41)

where the initial capital stock, K, is exogenously given. We assume — as we did in Sections 3, 4,
and 5 - that innate ability is private information and that the government wants to redistribute
from the high-ability to the low-ability type, which is termed the “normal case” by Stiglitz
(1982). We must, therefore, impose a self-selection constraint such that each high-ability
individual prefers the allocation intended for his/her type over the allocation intended for the low-
ability type. By using the life-time indirect utility function defined above, the self-selection

constraint is written as follows:

Vt2 > I7t2 = V(b%tf xt) Gyt 22, Et) + B v(b%t+1' Qxt+1 9y t+1) Et+1) (42)

=2 -2 .1
Vit Vot+17V2t+1

where ZZ, = 1 — ¢l], denotes the leisure time enjoyed by the mimicker.

Finally, the government recognizes that the stock of pollution accumulates according to equation
(39), where the initial stock, E,, is treated as exogenous. The social decision-problem is to choose
Ue, bip, byg, 13, by, b3, Toer, Tyt Ke, and E; for all t to maximize the social welfare function
subject to equations (39), (41), and (42). The Lagrangean corresponding to this maximization

problem can be written as follows in period zero:*’

Lo =WWy,Vi,..) + X0 At(VtZ - Vtz) + X0 .Ut[Et —(1-p)Eq - Zj(x{t + xgl)]

+ X ve[Zjwll, + Ko+ 1) — Ky — 3(b], + b3,)]

¥ To avoid any technical complications which do not add substance to the problem at hand, we make the simplifying
assumption that there is no previous old generation alive in period zero.
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+ 2 Vt[Tx,t 2j(x{t + xgt) + Ty Zj(y1jt + yzjt)] (43)

where A;, u, and y; are the Lagrange multipliers (or, equivalently, the current value shadow
prices) associated with the self-selection constraint, the stock of pollution and the resource

constraint, respectively. The first-order conditions are presented in the Appendix.

A potential drawback with this formulation is that it may give rise to a time-inconsistency
problem. The reason is that when the government at time zero determines its policy for any
generation t, the planned choices of capital income taxation in period t + 1, as well as the choices
of 7, ¢4 and 7, .4 Will be influenced by the self-selection constraint imposed on generation ¢ (if
the self-selection constraint is binding). However, when period t + 1 arrives, the individuals of
generation t have already revealed their true ability (which they do at the end of the first period
of life if faced by proper type-revealing incentives). Furthermore, the individuals of generation t
are retired in period t 4+ 1, and mimicking is no longer an issue for that generation. Both these
arguments imply that when period t + 1 is reached, the government may want to revise the
planned capital income tax policy for generation t, as well as the choices of 7, ., and 7 ;1.
Therefore, a key question is whether the government at time zero can commit to a given policy
plan. In the present paper, we follow the bulk of earlier comparable literature in assuming that the
government can commit to the planned tax policy. Yet, we also realize that this assumption is

questionable.®®

As in the benchmark model, the optimal tax policy will depend on the shadow price of the
externality; in this case, the social value of a decrease in the stock of pollution. In the Appendix,
we show that this shadow price takes the following form at any time t:

Bt _ woo A=p)" g 0¢ti j j
y_: = Yin=0 H?=1(1+r:+i§+ ZJ(MWP1t+n + MWP2t+n)

0o 1-p)* H:; Otgi[q% —
+ ano 1_[1n=1(1—+r2+l§+ [At+n(MWP11t+n - MWP12t+n)]

_ o (1-p)" ity Ot +i )
Zn:O l_[?=1(1+7't+i) [Tx,t+n Z] (

oz’

o%) oy) 5!
1t+n 2t+n it+n 2t+n
—+—)+T §:<_+_ 44
OEtin OEtin vt T\ 0Et4n OEtin ( )

% See, e.g., Brett and Weymark (2008), Gou and Krause (2015), and Aronsson and Sjégren (2016) for recent
research on optimal nonlinear or mixed taxation without commitment.
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where we have used

52 J 52
w  _ Mean 007pn MWP. = a”1t+n/a’5t+n MWP2. = — 007¢4n/0Er4n
t+n — 1 - 1t+n — 52 1
Yt+n Obipin 1t+n oVl n/0b) 003t+n/0b1tsn
~1 ~2 ~1 ~2
1 _ 1— 0Xipyi 0Ky OXppyy  0X5py
Ot+i OE¢yi OE¢yi OE¢yi OE¢yi

Equation (44) is interpretable as an intertemporal analogue to equation (12). The first row reflects
the present value of all future generations’ marginal willingness to pay to avoid pollution, while
the second row captures the difference between the young low-ability type’s and the young
mimicker’s marginal willingness to pay to avoid pollution measured for all future generations.*
By analogy, the tax base effects are also measured for all future periods, which can be seen from
the third row. The intuition behind the forward looking shadow price is that an increase in the
flow-emissions in any period t, through an increase in the aggregate consumption of the dirty
good, leads to a permanent increase in the stock of pollution (although the effect decreases over
time due to depreciation). In other words, the release of emissions by the current generation
reduces the well-being of all future generation, as well as influences the incentives faced by high-
ability individuals to engage in mimicking in the future. Therefore, although equation (44) bears
a close resemblance to equation (12) from a technical point of view, the two equations differ in a

non-trivial way.

Given the social shadow price of the stock of pollution in equation (44), the policy rules for
commodity taxation and marginal labor income taxation are analogous to equations (14) and (17),
respectively, in the benchmark model. To exemplify, we show in the Appendix that the
commodity tax on the dirty good and clean non-numeraire good, respectively, can be written as
follows in any period t:

5 ( - ) 5 (Zyn Zy2t>
9qy,t 9qyt « Axt 94x,t u
Xit) o AWt = 95) ————=+ = (45a)

— Q% 1
Tut = A (xge —
Yt

% Note that equation (44) contains no corresponding difference between the old low-ability type’s and the old
mimicker’s marginal willingness to pay to avoid pollution. The reason is that the common-for-all utility function
given in equation (33) is intertemporally separable, and that each consumer is retired in the second period. Therefore,
the old low-ability type and the old mimicker neither differ in terms of their marginal willingness to pay to avoid
pollution (i.e., MWP},,,, = MWPZ.,, for all n) nor in terms of their consumption behavior.
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Equations (45a) and (45b) take the same general form, and have the same interpretation, as their
counterparts in the static benchmark model, i.e., equations (14a) and (14b). In particular, note that
the social shadow price of the stock of pollution enters additively in the tax policy rule for the
dirty good, while it has no direct effect in the tax policy rule for the clean non-numeraire good.
The only differences are that (i) the taxes are period specific here, and (ii) the corrective
component of the tax on the dirty good is forward looking. Whereas the former modification is
just a consequence of the multi-period framework (in which commodity taxes are implemented in
every period), the latter modification is clearly substantial as it adds an intertemporal dimension

to the externality as well as to the corrective policy.

Since the marginal labor income taxes take the same form as in the benchmark model (see
equations [17a] and [17b]), we refrain from characterizing the marginal labor income tax policy
here. Let us, instead, turn to the marginal capital income tax structure. We show in the Appendix
that the marginal capital income tax rates implemented for generation t can be characterized as

follows:

dPiers _ 14741 AcB(095e41/0b344) oot
== . (MRS,", — MRS;",

1t+1 t+1 t

1t
+ 1+7¢44 [(T _ _) axie +1 aJ’11t] _ MRSy’ b, [(T _ Iit+1) 0X3t41 +7 a3721t+1] (468.)
Ter1 x,t abl yt ab%t Te41 x,t+1 Vi1 ab21t+1 y,t+1 ab21t+1

2 2 2 MRSt 2
dPir41 _ 14Te41 [(T #t) Ox1t aJ’1t] _ b1.by [(T #t+1) 0x3t41 +1 53’2t+1]
Alfteq Teg1 oty ) ab?, Yt op?, Te41 Ly ) 0b3ey, Tyt 0b34q

(46b)

To interpret equations (46), consider first the special case without any consumption externality,
and where the two commodity taxes are zero (which in terms of the formulas presented above
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would imply Ty, =T, = Ue/Ve = Tyte1 = Tuer1 = Hes1/Vesr = 0). Then, if leisure is
separable from the other goods in the utility function such that MRS,", = MRS}, (meaning

that the low-ability type and the mimicker experience the same tradeoff between present and
future consumption), both marginal capital income tax rates would be zero. Therefore, this
special case reproduces Ordover and Phelps’ (1979) result showing when a government has no

need for capital income taxation, if the labor income tax is optimal.*°

With reference to the special case referred to above, the first term on the right hand side of
equation (46a) follows by relaxing the assumption that leisure is separable from the other goods
in the utility function, implying that the government may relax the self-selection constraint by
exploiting that the low-ability type and the mimicker typically differ in their desired tradeoff
between present and future consumption (due to that they differ in terms of leisure time). If the
marginal rate of substitution between the present and future consumption space decreases
(increases) with the time spent on leisure, there is an incentive for the government to stimulate
(counteract) the current consumption through a marginal savings tax (subsidy) on the low-ability
type.** There is no corresponding component in the marginal capital income tax formula for the
high-ability type.

Let us now return to the general model, which contains an environmental externality (such that
u:/ve # 0 for all t), and where commodity taxes are used alongside the two income taxes. Two
results follow directly by comparing equations (45) and (46). First, the optimal marginal capital
income tax rates do not depend directly on the social shadow price of the stock of pollution,
meaning that the environmental externality does not directly affect the policy rules for marginal
capital income taxation. This is seen from equation (45a) by noticing that 7, , — p./y, and
Tyt+1 — Me+1/Ye+1 dO not depend directly on pu/y, and peiq/vesq, respectively. In our quite
general model, this result enables us to verify the additivity property: the social value of a
decrease in the stock of pollution enters additively in the commodity tax formula for the dirty

good, while it neither affects the tax policy rule for the clean good nor the policy rules for

“ Note that equations (46) are derived by using the social first-order conditions for b{t, j=1,2, which, in turn, are
necessary conditions for an optimal labor income tax.
! See Brett (1997).
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marginal labor and capital income taxation. This shows that the additivity property carries over to

an intertemporal model with a stock-externality, as long as the externality is atmospheric.

Second, and by analogy to the discussion of marginal income taxation in the benchmark model,
note that the terms in the second row of equation (46a), and the whole right hand side of equation
(46b), reflect the fact that the commodity taxes are typically distortionary at the second-best
optimum, i.e., 7., # u;/y: and 7, # 0. The marginal capital income tax policy partly
compensates for these distortions. To see this more clearly, suppose that 7, , > u./y, at the
second-best optimum, implying that the commodity tax on the dirty good is set at a higher rate in
period t than motivated by externality correction. It is for this reason desirable to stimulate the

consumption of the dirty good. Therefore, as long as the dirty good is normal in the sense that

ax{t/ab{t > 0, there is a policy incentive to increase the available consumption space for young
individuals by inducing them to save less. On the margin, this can be accomplished through a
higher marginal capital income tax rate. By a similar argument, if 7, , < u./y,, there would be an
incentive to implement a lower marginal capital income tax rate to reduce the consumption space
available to young individuals and thus also reduce the consumption of the dirty good. This effect

is captured by the first term in the second row of equation (46a) and the first term on the right
hand side of equation (46b), respectively. The interpretation of the component ry,tay{t/ab{t 5

analogous.

Terms inside the second square bracket on the right hand side of equations (46a) and (46b) are
interpretable along similar lines. If, for example, 7, ;11 < t¢t1/Ve+1, the commodity tax on the
dirty good in period t + 1 is set at a lower rate than motivated by externality correction. It is for
this reason welfare improving to reduce the consumption of the dirty good in period t+1. As long
as the dirty good is normal, this can be accomplished by inducing the individuals to save less in
period t, which is achieved by implementing a higher marginal capital income tax rate. Note
finally that the second row of equation (46a) and the whole right hand side of equation (46b)
would vanish if leisure is weakly separable from the other goods in the utility function, since the
commodity taxes are non-distortionary and satisfy =, = u./y, and 7, = 0 for all t in this

special case.
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Let us end by briefly discussing the consequences of replacing the atmospheric pollution
externality with a non-atmospheric externality (such that the individuals contribute differently to
the pollution-flow through their consumption of the dirty good). Based on the reasoning in
subsection 4.1, we know that the linear tax on the dirty good would not be a sufficiently flexible
instrument for internalizing this externality. The implications for the tax on the clean good and
the marginal labor income taxes were discussed at some length in subsection 4.1, and these
qualitative conclusions carry over to the intertemporal model analyzed here. However, a non-
atmospheric externality would in this broader framework also imply a corrective motive for
marginal capital income taxation. The explicit details of the environmental motive behind capital
taxation in the presence of a non-atmospheric externality is beyond the scope of this paper but to
illustrate the idea, let us consider the following example. From the analysis in subsection 4.1 we
know that if a® > a? (i.e., if the low-ability type’s marginal contribution to the externality
exceeds that of the high-ability type), then the corrective part of the commodity tax on the dirty
good falls short of the marginal social damage generated by the low-ability type’s consumption,
while it exceeds the marginal social damage generated by the high-ability type’s consumption
(see equations [20]). If the income effect on dirty goods consumption varies over time for each
type, we conjecture that the government may use marginal capital income taxation to reallocate
each type’s consumption over time in order to reduce the marginal damage generated by the low-

ability type relative to the marginal damage generated by the high-ability type.

7. Discussion

This paper has analyzed optimal taxation under environmental externalities, where we focused on
mixed tax problems in various settings with asymmetric information between the government and
the private sector. Mixed taxation is meant to imply that the set of policy instruments includes
nonlinear income taxes and linear commodity taxes, which gives a realistic description of real
world tax systems. It also implies that tax distortions are interpretable as outcomes of optimal
policy choices subject to information limitations instead of as outcomes of restrictions on the

available policy instruments.
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We started by discussing a static benchmark model, which distinguishes between two consumer-
types (based on earnings-ability) as well as between clean consumption goods and an
environmentally dirty good, and where the aggregate consumption of the dirty good causes a
negative environmental externality. In this standard setting, where the externality is atmospheric
in nature, the main environmental policy message is that of targeting: the social value of a cleaner
environment enters additively in the tax formula for the dirty good, while it does not affect the
policy rules for taxes on clean goods or marginal income taxation. The intuition is, of course, that
a linear tax on the dirty good constitutes a perfect instrument for externality correction under an
atmospheric externality, meaning that the policy rules for the other tax instruments take the same
general form as in the absence of any externality. As we are considering a second-best setting
with asymmetric information, note that the social value of a cleaner environment does not only
reflect the (Pigouvian) sum of marginal willingness to pay to avoid the externality. It also reflects
how a change in the level of environmental damage affects the scope for redistribution (i.e.,
whether it relaxes or tightens the self-selection constraint). We also described how the marginal
income tax and commodity tax structure reflects distributional concerns through an incentive to

relax the self-selection constraint.

The paper also discussed several scenarios where the principle of targeting is not fully applicable.
One such case is where the externality caused by dirty good consumption is non-atmospheric, in
which the marginal contribution to the externality differs among individuals. Another is the
presence of border-trade in the dirty good. In these scenarios, it follows that a linear tax on the
dirty good is not a flexible enough instrument for internalizing the externality, which means that
taxes on clean goods as well as the income tax will serve as supplemental instruments for
externality-correction. The structure of the taxation of clean goods and income will then depend
on whether the clean goods are complementary with or substitutable for the dirty good, and
whether leisure is complementary with or substitutable for the dirty good, respectively. We also
considered a model with two countries and a global externality caused by the aggregate
consumption of the dirty good measured over both countries, where the principle of targeting

fails in a non-cooperative Nash-equilibrium because of strategic interaction.
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In the final part of the paper, we extended the analysis to an OLG model with stock-pollution,
allowing us to integrate the study of optimal redistributive taxation under environmental
externalities (which is often based on static models) in an intertemporal framework. Although
this model bears a close resemblance to models used in earlier literature on optimal taxation in
dynamic economies, it is to our knowledge novel in this particular context with an environmental
externality, where the government raises revenue by means of commodity taxation, labor income
taxation, and capital income taxation. By analogy to the benchmark model, we considered a case
where the externality caused by the stock of pollution is atmospheric, and showed that the
principle of targeting carries over to this dynamic economy; in other words, the social value of a
decrease in the stock of pollution enters additively in the tax policy rule for the dirty good, while
it has no direct effect in the tax policy rules for clean goods or the policy rules for marginal labor
and capital income taxation. Yet, the appearance of stock-pollution also modifies the results in a
fundamental way, since an increase in the consumption of the dirty good at any time leads to a
permanent increase in the stock of pollution. The marginal social value of a decrease in the stock
of pollution will thus depend on all future generations’ marginal willingness to pay to avoid
pollution, as well as on the self-selection constraints underlying the redistribution policy in all

future periods.

There are many possible avenues for future research, and we shall briefly hint at two of them.
First, although the principle of targeting is the most important practical policy message of the
benchmark model, this principle may not be applicable in real world economies for a variety of
reasons. In our view, this exemplifies a relevant area for future research, where our brief
discussions in Sections 4 and 5 are far from exhaustive. Second, in real world economies, several
environmental externalities are often present at the same time and may interact in various ways.
We have focused on model economies with one single source of environmental damage and thus
completely neglected such interactions throughout the paper, primarily because their implications
for optimal redistributive taxation have not yet been thoroughly examined. We hope to be able to

address these issues, as well as questions related to them, in future research.

Appendix

Derivation of the Shadow Price in Equation (12)
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To derive equation (12), first substitute vé = —MWP;bvg and 9% = —MWP2 » D¢ into (11g) and rearrange. This
gives

D T axt ayJ
= VAMWP}, + (n + DvEMWPE, — A03MWPZ, —y (t. — f) TR (A1)

Next, use (11a) to solve for v} and (11c) to solve for (n + A)vi. Substituting the resulting expressions into (A.1),
dividing by y, and solving for u/y gives equation (12) in the text.

Derivation of the Commodity Tax Formulas in Equations (14a) and (14b)

To derive the commodity tax formulas, we first multiply (11a) by x* and add the resulting expression to (11e). Then
we multiply (11c) by x2 and add the resulting expression to (11e). Similarly, we multiply (11a) by y* and add the
resulting expression to (11f). Then we multiply (11c) by y? and add the resulting expression to (11f). This gives the
following equation system:

%)

ox) oyl po 0% 0 5 1
Yisar Lida [tx] I"ZJ'H_T(" —x)

: (A2)
S T Ly

ﬁ(A2 -yh

Q in the text is the determinant of the first matrix on the left hand side in (A.2). Using Cramer’s rule to solve for t,
and t,, produces equations (14a) and (14b) in the text.

Derivation of the Marginal Income Tax Formulas in Equations (17a) and (17b)
To derive (17a), we first use (11a) to solve for v} and then use (11b) to solve for v}. Dividing the expression for v}
by the expression for v;, and using that MRS}, = v, /v;, produces

R ax ay ax1
2
Apvz +y< —txa 1_t3’az1) [y

MRS}, =

(A-3)

x1 X1 *
Avbﬂl(l txabi fygi1)+ﬂgb1
Multiply both sides of (A.3) by the expression in the denominator on the right hand side. By rearranging the resulting
expression and dividing by y, we obtain
AD ox oyt
0= b(MRs;b o ) (w' = MRSE,) + (¢, ——)FJr t, 2. (A4)
Use that the private first-order condition for the hours of work in equation (5) can be written as w' — MRS, =

Trw?. Substituting this expression into (A.4) and solving for T} gives equation (17a) in the text. Equation (17b) is
derived analogously.

Solving the Government’s Problem in the Model with Transboundary Environmental Damage
The first-order conditions for government i become (government k’s first-order conditions are analogous)

2=y =g eyt (2 - 1) -t B 22 (A5)
= vt AL (91 4 1 Ty (wht ) 4 S+ e = (A6)
2= a4y (G2 1) - E e e g (A7)
2=t + )+ AR 28 gy (w2 g 2 %gl”z =0 (A8)
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where

L A+ y N AP 2 iy 2 2l (A11)
and

A= (v = v x4+ [yt = (f + 2007 ]xt? + 2197202 + y (e - )2, f;; ’

NX'=S. —3;x" is country i’s net export of the dirty good. By substituting the definition of A into (A.9), we can

write equation (A.9) as A' + a—L% = 0. Using this expression to replace A in (A.11), and solving for :TL in the

resulting expression, gives equation (30) in the text.
To derive the commodity tax formula in equation (28), we first multiply (A.5) by x* and (A.7) by x“2. Then we
add the resulting expressions to (A.9). This produces

1A12 212 _ il i 0"” (apx Opx i1 , Opx i,2)
0=2A7“(x )+vy ( )Z] 2al 0px =l +abi.1x +6bi'2x . (A.12)

Next, observe that the equilibrium condition defined in equation (27) implies

9xii /3q i oL
oy (BT 00 g, Ome OXN/00Y (A13)
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By using the expressions in (A.13), the expression inside the third parenthesis in (A.12) can be written as

Opx | Opx Bx”

1 apx .v
atL o topia¥ Zl aqk (A.14)
Substituting (A.14) into (A.12) and solving for ti gives
i _ l‘_l Abr i1 _ '\12 aLl 1
b = % + 3j0xbi/oqk (x )= px B (A.15)

Finally, substituting equation (Al11) into (A.15) produces equation (28) in the text.
To derive (31a), we proceed in the same way as when we derived equation (17a). The analogue to equation (A.4)
then becomes

0 = i+ (MRSZi:},—(f)imzii—MRSlzlll a¢) ( MRSLD)‘F(tl __)ax_ll_l,a_l“i(apx

Ipyx i1
MRS? )
g1l yi) azil  ylop, +

alk1 =~ gpit

Substituting w'! — MRS}, = T;"'w"! into this expression and solving for T,** produces

. ix . . i i,1 i
1) = 2= (MRS}} — ¢'MRS.; — MRSL;1 a"’)+(tl — ) - 2 (2224 2o RsEy). (A6)
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To evaluate the expression inside the last parenthesis on the right hand side of (A.16), we observe that
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Substituting these expressions into the last parenthesis on the right hand side of (A.16) produces equation (31a) in the

text. Equation (31b) is derived analogously.

Solving the Government’s Problem in the Overlapping Generations Model with a Stock- Externality

The government’s first-order conditions at an arbitrary point in time t become

:b_ii—g_liigz_i_ t%"‘yt(rx,tgz—i"'ry,tgz_i_1)‘#1:3;%:0 (A.17)
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ai,l;il =Ves1(L+7441) =7 =0, (A.26)

To derive equation (44), we first rewrite (A.17), (A.18), (A.20) and (A.21) to read (where (A.18) and (A.20) have

been lagged one period)

oot = At v (T G T 1) B
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=—- MWP},. Combining these expressions with (A.27) — (A.30) in (A.25), and dividing by y., gives
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where we have used y; = y;41(1 + 1:,,) and where
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Forward (A.31) one period and substitute the resulting expression for u.,,/v:+1 back into (A.31)
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+ Zn OW [At+n(MWP11t+n - MWP12t+n) + /12t+n(MWP%t+n - MWPZZHn)]
i (=P "Mz Oesi . (af{Hn afénn) (ay1t+n ayzt+n)
=0 (s Txesn Z] OEt4n + OEt4n T Typn ZJ O0Et4n  OEt4n (A-33)

Finally, if n — oo, and by assuming that

. (A-p)" g Orti Kean
llm,—l o P i=00t+i B+ _ 0

1
A4 Yeam

we obtain equation (44) in the text.

To derive the commodity tax formulas in (45a) and (45b), first multiply (A.17) by x1,, lag (A.18) one period back

and multiply by x3,. Then, multiply (A.20) by x2, and lag (A.21) one period back and multiply by x2,. Adding the
resulting expressions to (A.23) gives

axlt axét) (aylt aié‘t) * 1 o * 1 ~ Ut (af{t afé‘t
= Xy — X2) + A5 (o, — X5,) + =Y [ 2L + —2L). A.34
Toe, (aq £ 2 gy (SR 4 32 = Ayl — BB + A e — 2B + 23 (SR 2. (a3

Similarly, first multiply (A.17) by yi,, lag (A.18) one period back and multiply by v1,. Then, multiply (A.20) by y?2,
and lag (A.21) one period back and multiply by yZ,. Adding the resulting expressions to (A.24) produces
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a~f 3y ay) . R . . a~f
th} ( X2t> Tyt Z} < ylt th) = At(yllt — 97 + Azt()’zlt =93+ - 21 ( xzr)- (A.35)

0qyt 0qyt 0qyt 0qyt 04yt 0qyt

Equations (A.34) and (A.35) imply the following equation system

[Z]<ax1t afgt) Z.<ay{t+ay_§t)]

0dx,t 0yt 0dx,t  Odxt
=J

[Z (axu axzt) Z (ayu + ay2t>J
J aqyt aqyt aqyt aqyx

Using Cramer’s rule to solve for 7,. and T, , produces equations (45a) and (45b) in the text.
To derive the marginal capital income tax formula in equation (46a), let us first rewrite (A.17) and (A.18) to read

an 0qy,
T ‘ “1 (A.36)

R . R f a~j
[Txt] [Ait(xllt — R0 + Lo (a3 — R5,) + = — Z] ( £+ xzr)]

vt * (Yt — 92 0l 5 He 0%, | 0%},

aw vl ., 99 ( ayle ) dxi¢

Vg 6b%t - /11' abl — 7Vt x,t ab1 + Tyt 0b1 + He Bb}t (A-37)
W V34 L %341 3341 %341

— =1 — T —+T 1)+ . A.38
thﬁ abl,., B bk, Ye+1 | e+ by, yit+1gp1 Het bl ( )

vi./abi, .
Divide (A.37) by (A.38) and use MRSb b, = 711 We obtain
2 BOvypyq/0bgeys

axl ay ax!
lt—ﬂ’t(l Tyt al— ytab%t> pet

MRSM = % 9bit (A.39)
bubz  S095h4q 1o .. 9% %t+ L T T e '
tﬁab%tﬂ Ve+1 xeigyl Tkt ”Hlab%tﬂ
Multiply up the denominator on the right hand side and rearrange
Lt _ 3 p005a 1t a0
Ye = Yes1MRS,: ), = AP 3 bk, MR5b1 by, — At b,
Ht ax%t aJ/u 1t Ht+1 a"2t+1 a3’21t+1
Toe =) Thty, 1 — MRS Tyean + +VearT . A.40
Yt ( %t~ 3.) abl, Yely o, byby |Vt+1 \ Txt+1 vers) a6, Ye+1lyt+1 bless ( )
Divide by y;, use y; = ¥¢+1(1 + 1:41), and rearrange
At 095441 1t  _ grpcat ( _ &) dxiy dyie
T4ries [(1 + Te1) — MRSb1 bz] vel abl,,, (MRSb1,bz MRSbl.bz) T\ Tt ve/ bk, tlye abi,
MRs;sz ( Hee1) 9% dys
e (L 2”1]. A41
(1+7e41) WLy ) Obkys YL gbtiyy ( )

By using the private first-order condition for saving in (38) and solving for d®1,,,/dIi,., we obtain equation (46a)
in the text. Equation (46b) is derived analogously.
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